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Abstract - The problem of finding a low-complexity 
Tanner graph for a general lattice A is studied. The 
problem is divided into two subproblems: 1) Finding 
an orthogonal sublattice A‘ of A which minimizes the 
complexity of the label code of the quotient group 
A/A’. 2) Constructing a simple Tanner graph for the 
label code obtained in part 1. The proposed approach 
for solving subproblem 2 can also be applied to any 
abelian group block code with arbitrary finite alpha- 
bets at different coordinates. The results of this work 
are useful in finding low-complexity graph representa- 
tion of lattices and codes, which consequently results 
in efficient graph-based decoding algorithms. 

I. SUMMARY OF RESULTS 
The graph representation of codes and the corresponding de- 
coding algorithms, initiated by the work of Gallager on low- 
density parity-check codes [2] and later generalized by Tan- 
ner [3] to codes defined by general bipartite graphs, have con- 
tinued to be an active area of research particularly in the past 
few years (see, e.g., [SI and the references therein). The con- 
struction of Tanner graphs for linear block codes is well-known 
and is based on using a parity-check matrix of the code [3]. A 
Tanner graph construction for lattices, using a method differ- 
ent from the one discussed in this paper, was briefly sketched 
in [5]. In this work, we develop Tanner graph constructions 
for abelian group block codes, an important application of 
which is to represent the label code of a lattice [l] in a given 
coordinate system. Our study shows that to obtain a low- 
complexity Tanner graph for an n-dimensional (n-D) lattice 
A, it is reasonable to divide the problem into two subprob- 
lems: 1) finding a set of 1-D Orthogonal subspaces {Wi};’,, 
called graph coordinate system, which minimizes the sizes gi 
of the label groups Gi = Pw,(A)/Aw,, where Pw,(A) and Aw, 
denote the projection and cross section of A on Wi, 2) deriv- 
ing a simple Tanner graph for the corresponding label code of 
A/A’, where A’ is the orthogonal sublattice of A in {Wi}T=l. 
In the following, we first address subproblem 2. 

To simplify the presentation of the label code, we con- 
sider its isomorphic group defined over the alphabet d = 
Zcl x Z, x * * * x Z,, where Z,, = {0,1,. . . ,g; - 1). This 
is denoted by G(A). The dual G’ of G is also defined over A. 
It consists of those codewords c* = (c:, . . . , cz) E A such that 
E:=’=, cfci/gi E Z, Vc = (cl,. . . , c,) E G, where multiplica- 
tions and divisions are performed in the field of real numbers. 
It can be seen that G’ is also an abelian group with order 
IG’l = ldl/lGl. The label code G is therefore fully described 
by the following set of check equations: 

n 

bjicilgi E Z, j = 1 , .  . . , r , (1) 
i=l 

where bl, . . . , b, form a set of generators for G’. The problem 
of finding a simple Tanner graph for G is thus reduced to the 

problem of finding an appropriate set of generator€; for G’. 
A good criterion could be to find a minimal set of generators 
with minimum number of nonzero coordinates. This; in turn, 
minimizes the number of check equations and the niumber of 
edges in the Tanner graph, respectively. 

Regarding subproblem 1, we consider [AI = n:==, g; = 
lGllG’l as the measure of complexity for the label code. Note 
that g;, which is the alphabet size at  position i of G, plays an 
important role in the graph-based decoding complexity of G. 

Theorem 1 Let a lattice A have a label code G in the graph 
coordinate system S. Then G’ is the label code of the dual 
lattice A’ in S. 

Theorem 2 For any lattice A, and in any graph coordinate 
system, 

g; 2 [ T ( A ) ~ ( A * ) ] ” ~ ,  i = l,, . . , n , 
where y denotes the coding gain. For each i, the bound is 
achieved iff both A and A’ have a vector of minimum length 
along the graph coordinate i .  

The lower bound of (2) results in Cy=’=, g;/n 2 [~(A);V(I~*)]’’~ 
which for many interesting lattices, improves over the previ- 
ously known result of Cy!1 g i l n  2 7(A)1’2, [4]. In particular, 
for iso-dual lattices, we obtain Cy=’=, gi/n 2 7(A). 

Corollary 1 For any lattice A, and in any graph coordinate 
system, 

where the bound is achieved iff both A and A* have n mu- 
tually orthogonal vectors of minimum length along the graph 
coordinates. 

For self-dual lattices, Theorem 1 implies that G is sielf-dual, 
and thus minimizing IAI results in the minimum value for 
IGl = IG*I = Id1’/2. Based on the results of [l], it can be 
seen that for many self-dual lattices, such as the Leech lattice 
and the Barnes-Wall lattices BW,, n = 2”, m odd, the lower 
bounds (2) and (3) are achieved. 
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