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the system; each of them can be dynamically reconfigured to form the
desired topologies to better match task graphs, without interfering
with each other. To facilitate the design, we first studied the
switching capability of the baseline network, and then presented a
rumber of rules of avoiding connection conflicts. These design rules
are so versatile that plenty of flexibility is provided in the design of
the procedures. As a resnlt of this, most of commonly used
topologies, such as loop, mesh, and binary tree, can be achieved with
the procedures.

To reconfigure a subsystem to form a desired topology, the
corresponding procedures are invoked with identical parameters and
executed simultaneously on all the processors of the subsystem. In
addition, the execution time of these procedures is independent of
subsystem size. The reconfiguration of a subsystem, as a conse-
quence, can be accomplished in constant time.
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Dual Systolic Arch:tectures for VLSI Digital Signal Processing
Syslems
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Abstrace—This correspondence presents a linear systolic array for the
implementation of digital signal processing systems based upon matrix-
vector multiplication algorithms where the matrix elements can be
computed from their row and column indexes. Haar, Walsh, and. the
discrete Fourier transforms are solved using this approach. The method
presented enables the 72 matrix elements to be computed in sifu directly
from the 2n matrix indexes. Thus, performance comparable to known
systolic matnx-vector multipliers is achieved using only constant 1/0
bandwidth, rather than ({n) bandwidth required in the more general

case. A generalized method is given for the development of recursively
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formed matrices and specifically the VLSI implementation of the Haar
and Walsh transforms.

Index Terms—Logie design, matrix maltiplication algorithms, parallel
computation, systolic architectures, VLSL

I. INTRODUCTION

Recently proposed VLSI architectures attempt to incorporate high
degrees of parallel, pipeline, systolic or hierarchical techniques.
Several VLSI computational and design models have been proposed
and a variety of metrics have been derived for their performance
evaluation [11-[3]. Perhaps the most common are the VLSI grid
model and the AT? metric. However, aside from theoretical metrics
there are design constraints or practical limits imposed by a
developing VLSI technology; these include packaging as well as
limits upon the maximum integration complexity.

In this correspondence, we illustrate the implementation of digital
signal processing (DSP) systems which are based upon matrix
multiplication algorithms. Addressing the problem of physical
limitations, a dual systolic architecture is proposed as a method of
implementation. The presentation is organized imo six sections.
Subsequent to the introduction, the dual systolic architecture concept
is described with Section HI focusing on the development of the
architecture for a specific class of problems defined by recursively
formed matrices. It is then shown in Section IV how these concepts
arc used in the implementation of the Haar and Walsh transforms and
in Section V, issues related to the practical implementation of DSP
problems are discussed. The extension of the architecture to other
more general systems, such as the discrete Fourier transform is
presemted in Section VI. Finally, the ccnclus;ons generated by this
work are presented.

H. DUAL SYSTOLIC ARCHITECTURE

An architecture based on the systolic array processor was chosen as
the method of implementing the desired matrix multiplication
algorithms. It should be mentioned that similar algorithms could be
implemented on both shuffle-exchange graphs (SE) and cube-
connected cycle graphs (CCC) [4]-[6]. /O limitations and matrix
coefficient gemeration complexity, however, limit the physical
realization of the matrix operations on either the SE or CCC
architectures using existing technology. On the other hand, the

proposed systolic array is capable of performing Ofn) computations .

for each /O operation. This property is desirable in practice because
the 1/O bandwidth with the outside world is a major limiting factor for
achieving high performance [7].

The recurrence relation for systolic matrix multiplication of order
n, ¥ = TEwith T = [§], is

yo=0
Y=yt t,x

yi=pfre t3)

where #, ¥ € binary R" space. The inherent difficulty encountered '

when implementing the systolic architecture is the method by which
the matrix coefficients f; arc generated and passed to the inner
product step. processors (IPSP) of the array as shown in Fig. 1. A
major bottleneck occurs with the generation and presematmn of the
matrix coefficients to their respective IPSP’s. This task is a fact
which is often neglected in many proposed architectures and may
require a substantial amount of hardware.

For the DSP problems addressed in this correspondence, where the
matrix coefficients are functions of the matrix indexes, a dual systolic
architecture [8] is proposed as a method of generating the appropnate
elements to be passed to the inner produict step processors as shown in
Fig. 2. The top array of matrix element coprocessors (MECP} are

0018-9340/86/1000-0916$01.00 © 1986 IEEE
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Fig. 2. Schematic of the dual systolic array processor (DSAP).

used to generate the coefficients ¢; and any other control signals, with
the second array or backbone of IPSP’s being used, as before, to
perform the matrix multiplication operations. The matrix element
indexes {/, j) are generated by counters at both ends of the array.
These indexes propagate along the matrix element cOprocessor array
in parallel with the input and accumulating output vectors which are
simultaneously being transmitted along the backbone array.

The concept of using a dual systolic array is similar to the two-level
pipelined systolic array architecture utilizing the CMU WARP
processor {7}, The matrix coefficients used in the WARP processor
are either obtained from a data RAM or are passed in from the outside
world. The proposed dual systolic architecture, on the other hand,
generates the desired coefficients at each cell site directly from the
matrix indexes. This concept has the advantage of flexibility;
however, is only practical for simple appiications since the complex-
ity of each individual MECP can increase dramatically when
complicated coefficient generation is required.

HI. GENERALIZED RECURSIVE IMPLEMENTATION

Using the dual systolic architecture shown in Fig. 2, a given matrix
multiplication problem can be solved for which the matrix coeffi-
cients are derived from the matrix indexes. This large problem set has
wide applications in the digital signal processing area such as in the
implementation of the discrete Fourier transform, convolutions, or
- finite impulse response filters. In the n-point discrete Fourier
transform, for example, the matrix coefficients are derived as ty
w=DU=D where w = primitive nth oot of unity and w, f; € C". As
already mentioned however, for many of these general cases the
complexity required for implementation of the mairix element
coprocessor and the inner product step processor becomes compli-
cated and area consuming. Thus, only limited-point transforms can
be performed on a single chip using present VLSI technology. A
" more complete discussion of this limitation, as well as the discrete
Fourier transform with respect to dual systolic architectures will be
* provided in Section VI. Problem classes where this architecture is
practical using present technology will be presented next.

In the remainder of this section we will address a specific class of

digital signal processing problems, namely the implementation of
binary- and ternary-based matrices whose coefficients can be
generated recursively. Digital signal processing systems such as the
Haar [9] and Walsh [10] transformations are examples which fall into
this class of problems. This emphasis stems from the research in the
literature directed teward the representation of logic. functions by
finite orthogonal series and their use for the analysis and synthesis of
digital systems [11]-f13]. The Haar and Walsh transformis are
particularly suited for the spectral representations of Boolean
functions and are utilized in many problems such as the determination
of network fault signatures {14], [15]. With respect to VLSI design,
the major attraction of the restriction to a ternary number set { — 1, 0,
+ 1} is that this allows the use of an extremely simple IPSP since only
the SUBTRACT, NO-OPERATION, and ADD operations are required. The
further extension of this problem class to the p-valued based number
set where p is prime, is by the system of Chrestenson functions [16].

The matrix multiplication of orders# = 2N, N = 0,1, 2, - - - will
be defined in the uswal manner as § = TN where TV, j, % € binary
R"spaceand j = {yli = 1,2, ---,n},X = {x{j = 1,2, ---, n}.
Here T is the desired n X n transformation matrix with elements
denoted as TV {tg.’]i =1,2,-,nj=12, --+,n} The
elements £[ are the coefficients passéd to the inner product step
processors of Fig. 2. Note that for the class of problems discussed
here, the transformation matrix 7% can be recursively generated.
Using this fact, the matrix TV is formed from combinations of the
next lower erder matrix 77-1, then 7%~2, and so on; until only the
initial 1 X 1 matrix T is required. The rules defining the recursion
combinations determine the type of transform desired, Haar, Walsh,
et¢c. In this discussion, the general form for recursively genecrated
matrices will be developed using the notation

|

WhCI'CA,—ka = f(Tk-“l: I'ki.l: G!(r{(, Ck): s Ck) and C\!(fk, ck) € { - I;
0, +1}; 7y, . € {0, 1}. Thus, a transformation matrix of order # =
2N can be generated iteratively, & = 1, 2, ---, N using the form

(1= [A"“ Ao

Ayl 2

Al{]
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defined in (2). For the kth iteration, the matrices Afkck are formed as
a function of the base matiix 7%, the unit matrix I*~!, and the
constant @ € {—1, 0, +1}, TF i is the resultant 251 x 2%-1
matrix of the (k — 1)th itertion step. The function forming the matrix
Apyer 18 determined from the binary row and column operators ry and
¢, and defined by the desired recursive nature of the matrix. One
example of a recursively formed matrix is the Haar transformation
matrix which is defined by the function

Tk_l, 0!=1; I’k=0, Ck=0
T+, a=1; =0, =1
Arkcj,"_' 3
T a=1 =1, ¢=0
I oa=—1; =1, =1

with [7?] = [1]. Thus, using (3)

Th~1 k-1
[T"]=[Ik-1 __Ikﬂ:l

from which the Haar transform of order # = 23N = 3) can be
formed recursively as

: _ 1 1 1 1
N I O T R

7= 1 -1 ] [T3)= 1 0 -1 o “
- 0 1 0 -1

t

O o OO D e

[H]=[T%]=

OO m O =
SO = O D b
— O D et D e
|
[om e T T i e B
L]
]
o
.

Examination of the recursion (2) shows that the control signal
passing the matrix element #;; to the inner product step processor in
Fig. 2 can be derived directly from the binary répresentations of the
matrix row { and column j indexes. Let the row and column indexes
be represented in binary form as

E=[rn, Ivo1y *70 Ty *0% 13, T2, 11

MSB LSB (5

2{C.NS CN—15 "5 Cks """, L3, Coy C]]

where ri = 2V is the order of the matrix with ry and oy bemg the
binary digits of  and j, respectively. Thus, the control signal t
be produced through the iterative process as follows:

t:.f=f(tg' lg’ d(rl’ cl): ri, cl)

if,-_f{t l, ig_l; a(rks ck)) Fis Ck) (6)

N-i .o -
t‘:‘=f(tlj ’ Ilov l» (X(I"N, cN)er: C.N)

where k corresponds to the kth iteration step with & = I, 2, -~ N.
Here lk is a unity matrix control signal indicating whether 7f~! = 0
or I§=! = 1. Note that the initial condition 3 must also be defined in
the process, and is simply the vatue of the 1 X 1 matrix 77

Using the process described in (6) a method of implementation can
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now be developed. First, a ternary number sét { —1, 0, +1} will be
defined which will be implemented using a binary basis. A two-bit

control signal ¥ as defined in Table I will be chosen to represent the

appropriate termary operation. Thus, the control signal produced by
each of the matrix element coprocessors in Fig. 2 and passed to the
IPSP will be a two-bit control word t;’.}' = [vN ) Vg | representing the
operations, ADD, NO-OP, or SUBTRACT. This control word will be
generated iteratively from the defining function giveit in (2), using the

row and column indexes i and j. The process will be implemented -

using the matrix element coprocessor design shown in Fig. 3.

In the process shown in Fig. 3, the signal ¢), = [v{, v{] is initialized
and passed recursively through the series of common function blocks
so that the control word #Y! is produced, and subsequently passed to
the IPSP. All the common function blocks are physically the same,
with only the appropriate row and column bits (74, ¢,) entering them
determining the value of the control signal t’j at each iterdtion step.
For an order #n multiplication, log (7} common function blocks are
required.

Each of the common function blocks of the MECP performs the

 iteration function forming A, as described by (2). The layout of the

function block [7T*] can be implemented using five logical cells as
shown in Fig. 4, each performing a specific task during the iteration.
The inputs to the function block ate the row and column bits (r;; ¢;), a
unity matrix signal bit #§~; as well as the control word ££~! from the
previous function block. The specific tasks of the five cells are: 1)
generation of thie unity matrix identifier bit i¥~!, 2) generation of the

“control signal w indicating whether if~" or t£~! is required, 3)

generation of the constant multiplier «v, 4) a switch cell implementing
the control signal w, and 5) performing the muitiptication by «. All
five cells are easily implemented using 2 minimum of logic. Three of
the cells (Fig. 4, cells 1, 4, 5) are independent of the recursion
function. The remaining two cells (2, 3), which generate the w and o
signals, are determined by the required recursion function using the
row and colemn indexes ri and c¢j. These last two cells are thus
defined by the desired problem class (Walsh, Haar, etc.).

Generation of the unity matrix efements for 7*~! are derived from
the row and column indexes by .

(r2 @ Cg) S '(rk—l @ ck—l)i (7)

e~
if~1=0

kt=1 (e e -

where using ternary logic for the control signal %! = -1, ik,
The logic satisfics theé définition set up in Table I. Thus, the
unplementanon of the cell (1) requires only a single bit from the unity
cell of the previous function block [7%~!] as shown in Flg 5(a). The
switch cell (4) 1mplcmcntmg the control signal w, which indicates
whether 7%~1 or the previous control word t:; Vis required, can be
demgned usmg pass transistor log:c as shown in Fig. 5(b). Note that
#-1is grounded (logical “'0°") in the unity matrix cell. The cell (5)

perfonning the multiplication of the intermediate word ¥’ by the-

constant multiplier « is derived from the expressions

o .

vi=op & v/ (8)
y S

vi=ep + v

and is 1mp1emented as shown in F]g 5c).

The remaining cells (2, 3), used for the generatmn of t.he control
signals w and e, are dependent on the desired recursion function. The
implementation of the Haar and Walsh transforms will be used as
examples to complete the discussion.

IV. HAAR AND WALSH TRANSFORMS

The Haar transform is defined as ¥ = HX where H = [h;] with h,_,
€ {—1,0, + 1}, Haar functions form a complete orthogonal basis in
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TABLE 1
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Fig. 4. Common function block designed using five logical cells.
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binary R* space. It should be pointed out that although Haar functions
are not normalized, the inverse transform is simply H~1! = [A)HT,
where [\] represents a diagonal matrix. The natural ordered Haar
matrix [9] is generated recursively using the rule

Hk-1 Frk-1
[Hk]= [ Fk-1 k-1 ] _ &)
with [H% = [1}L

The recursive generation process for of the Haar matrix has
previously been shown in (4). The defining function (2) generating
the forming matrix elements A, of [H4*] was also defined in (3) as

Arkck=f(Hkil: Ik_l, O-’(rk; Ck)o Tis ck)
HE—1
H L re=0, ¢=1

- - (10)
Ik_l; I"k:l, €k=0

_Ik—];

Now, using (10), the control signal w generated by cell (2) of Fig. 4,
and the constant multiplier cfry, ¢;) generated by cell (3) of Fig. 4,
can now be defined- as shown in Table II. Thus, for the case of the
Haar transformation, the remaining two cells (2, 3) of the common
function block can be implemented as shown in Fig. 6. Note again
that only these two cells are dependent on the problem class. Now
using the cells designed in Figs. 5 and 6, the common function block
for performing the Haar transformation can be implemented as shown

fk=0, c;(=0

f’k=1, Ck=1

_in Fig. 7. Note that some further simplification of the design can be

made since all possible signals are not required.

Another example selected to illustrate the design methodology is
the Walsh transform. The Walsh transform is defined as § = W¥
where W = {wy} and wy; € {—1, +1}. Walsh functions form a
complete orthonormal basis in binary R” space and also have the
advantage over Haar functions that the inverse Walsh matrix - =
W/n. For natural ordering, the Walsh matrix is generated [17] using

k1
(W)= [ Ve

the rule
k-1
— k-1
with [W?] = [1]. .
The Walsh matrix of order 1 = 23(N = 3) can be generated as
foliows:

()

1 1 1

1

N EE EL -1 1 -1
[W]“[l —1] W=l 1 _1 -}
1 -1 -1 1

1 1 1 1
-1 1 -1 1 -1 1 -1
1 -1 -1 1 1. -1 -1

1 H 1 1
1
I
1 -1 -1 1 1 -1 -1 1
1
1
1
1

= t 1 1 -1 -1 -1 -1} @
“1 1 -1 -1 1 -1 1
1 -1 -1 -1 -1 1 i

-1 -1 1 -1 1 1 -1

Here, the defining function generating the matrix elements A, ., of
[W*] are defined as

Ay =FWEL T =L e, €1), Fiy Ck)
W 1 r=0, ¢,=0 -
WL =0, ¢p=1
T ) w1, =0 S )

— Wt =1, =1
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TABLE II
DEFINITION OF w AND o FOR THE WALSH TRANSFORM
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Fig. 5. (a) Unity matrix cell (1) design. (b} Swiich cell (4} design. {c)
Multiplication cell (5) design.
. TABLE II
DEFINITION OF w AND o FOR THE HAAR TRANSFORM
[+4
i Cx w [+3} g
0 0 0 0 1
0 1 0 0 1
1 0 1 0 1
1 1 1 1 1
W
7, w N —] Do
LDO——-— w — ¢
Sk —=] ® € —» ® — @,
(a) (b)

Fig. 6. Cells (2, 3) for generating {(a) the control signal w and (b) the
constant multiplier c, respectively, for the case of the Haar transform.

Using (13), the control signat w and the constant multiplier « can then
be defined as in Table 111
The two remaining cells (2, 3) of the common function block of
Fig. 4 can then be implemented as shown in Fig. 8 for the Walsh
transform. Note that the implementation of the control signal w is
trivial due to the fact that the unity matrix F¥~! is not present in the
Walsh generating function (11). In fact, since the number base used
to form the set of Walsh functions is binary wy; € {1, +1}, only a
. one-bit control word tf, = [v¥] s required. The control bit v can thus
be eliminated from the design of the common function block in Fig.

Fig. 8. Cells (2, 3) for generating (a) the control signal w and (b) the
constant multiplier o, respectively, for the Walsh transform.

4, The simplified implementation of the matrix element coprocessor
for the Walsh transform, taking these considerations into account, is
shown in Fig. 9 for an order n = 24N = 4).

V. DISCUSSION

The proposed dual systolic architecture satisfies most of the criteria
for VLSI realizability [18]. The design makes use of each data input
item, that is, the input and output data streams are pipelined and used
by ali processors. Moreover, successive matrix multiplication prob-
lems can also be pipelined with the addition of limited control logic,
With respect to complexity, the different cells are few in number and
of simple topology, which greatly reduces design and implementation
costs, The data and control flow is simple and regular and the only
global communication aside from power and ground is the system
clock. The systolic design uses extensive concurrency; for an n-point
operation, an average of #/2 processors are computing simultane-
ously. Furthermore, the major advantages of this design to be
stressed is that the dual systolic array is capable of performing O(n)
computations for each I/0 operation and the problem of delivering the
matrix element coefficients to the appropriate step processor has been
eliminated. ) )

Unlike many other matrix multiplication architectures, the dual
systolic array is easily cascadable. This advantage is important since
present single-chip technology constraints will not pose a strict
limitation on the transform size that is required. Thus, a 1024-point
transform can be achieved in a technology allowing only 256-point
transform modules. Cascading of the dual systolic array is accom-
plished by properly connecting the index counters of the individual
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Fig. 9. MECP for implementation of the Walsh transform of order # = 24,

sucessive systolic array modules. Connection is made so that the
index counter of a given array is activated by the lowest order bit of
the preceeding module’s row or column register. Thus, many
individual dual systolic array modules, shown in Fig. 2, can be
cascaded as in Fig. 10.

As an example which represents the practical constraints for VLSI
implementation, an order # = 2¥ point transform will be discussed.
The design requires 2n - 1 cells, each having a matrix element
coprocessor and an inner product step processor. The matrix element
coprocessor in the coefficient generation array (sce Fig. 2) requires
two N-bit registers for storing the row and column indexes. The logic
required to generate the matrix coefficients requires N common
function blocks, each of which can be implemented using 5 gates in
the case of the Haar transform or 2 gates in the case of the Walsh
transform (see Figs. 7 and 9, respectively). The systolic matrix
multiplication inner product step processors cach require a data
register and an accumulation register, with the accumulation register
being N bits wider than the associated data register. Also required is
the logic to implement the matrix coefficient operation; addition,
subtraction or no-operation in the case of the Haar transform,;
addition or subtraction in the case of the Walsh transform. The dual
systolic architecture has a regular topology and a weli-defined contrel
algorithm. There is very little interconnection between ¢ells and thus,
for large problem instances the architecture is snited for wafer-scale
integration. Though this architecture has an unpleasant aspect ratio,
for transform lengths of interest, the array can easily be folded into a
practical topology since there are no complicated intercell wire
connections and the 1/0 interface is only at the array ends. Finally, the
design methodology outlined allows for the straightforward construc-
tion of a silicon assembler or compiler for the automated design of
dual systolic architectures.

VI. EXTENSION TO OTHER SYSTEMS

The dual systolic architecture discussed in this correspondence has
been introduced for the solution of matrix multiplication algorithms

where the matrix elements are well defined functions of the matrix -

indexes. The specific class of digital signal processing systems
considered were those based upon ternary transformation matrices
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Fig. 10. Cascaded dual systolic array processor modules.

and whose generation could be performed recursively. These systems
were examined because they allowed simple design implementation
since complex operations were not involved in either the matrix
clement generation or in the matrix muitiplication. The extension to
this work will be to suggest alternative dual systolic architectures that
are not as restricted to specific DSP problems as the class previously
discussed. In turn, however, these architectures will involve more
complicated logic for their implementation,

In the dual systolic architecture developed, the matrix indexes were
derived directly from the row and column indexes as they were
transmitted along the array of matrix element coprocessors as was
shown in Fig. 2. The indexes were generated by counters at both ends
of the array. In general, however, the matrix indexes themselves need
not be transmitted along the array, but any desired vector containing

-gither data or control signals can be passed. Also, the vector can be

generated externally from memory (in effect acting as a micropro-
gram control store) as well as internally. Some of these features have
been suggested in architectures employing the CMU WARP proces-
sor [7]. As a further extension, however, the architecture of the
MECP need not be restricted to only passing the vector data, as some
operation can be performed on the data as they are passed along the
array.

. In general, the matrix multiplication in the dual systolic array
processor (DSAP) will perform the operation §, = Cuxpfa.
However, to directly implement this matrix operation in the DSAP,
the elements of the matrix C, ., to be generated by the MECP will be
formed by the vectors &, and b, such that

- =

L5
az

Cnxn"_“d-g:" 5,,2 ay [ © tnbby -+ B . (14)

@y

The outer-product operator © is defined as any impleméntable

algorithm in a MECP where &, and B, are vectors passed along the
array from opposing ends of the processor. '

To demonstrate some of these alternative concepts, an MECP
architecture will be proposed to perform the discrete Fourier
transform (DFT). As previously stated, this architecture will require
a more complicated IPSP processor than used previously since the
algorithm requires complex number multiplication. Furthermore, the
straightforward transformation method requires On %) aperations to
solve an n-point DFT, while the fast Fourier transform method
requires only O(n log #) operations [19]. However, this example was
chosen to demonstrate the flexibility of the dual systolic design since
the DFT is both well known and its matrix elements can be
determined from the row and column indexes. '

The n-point discrete Fourier transform is defined as ¥ = FX where
F = [f;]. The complex matrix coefficients are derived from f; =
wU~HI~1) where w = primitive nth root of unity and fj;, w € C".
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For order n = 2%(N = 2), the transformation matrix is given as

1 1 1 i
1] 2 ]

F= |y 0 o w s
1 o o o

where « is the complex primitive root of w = /1. The matrix
coefficients f;; can be formed using the MECP architecture shown in
Fig. 11. Here the vectors & and F are input vectors of length n; and
are clocked into the array at 1/2 the rate of the data being processed in
the array. The elements of the vector § = [a;] are simply two bit
control words ¢; € {0, 1, 2} indicating the start and finish of the

input data #. The vector & = [1 @? w® - -+ w"~ '] contains the roots of .

unity. The matrix coefficient f; is passed in parallel with the vector 5
and is formed from the function f{a;, b;, fi,;-2) defined as

Ji=fa, by fij-2

0, a=1, b=0

0, a=0 _
"Y1, g=1, b0 e

Jij-» =2

An example of the coefficient flow for a transform of order n = 4
is shown in Fig. 12. For this case, 27 — 1 = 7 processors are
required and the input vectors & and b are given by

a={1 2 2 2
b=l o w? & i)

VII. CONCI.USIONS

In this correspondence we have demonstrated a novel method for
generating the matrix coefficients for digital signal processing
systems based upon matrix multiplication algorithms. The cases
discussed were ‘the implementation of problems where the matrix
coefficients are derived from simple operations on their indexes;
specific examples being the Haar and Walsh transforms.

The major advantage of using the dual systolic architecture was
that the problem of presenting the transformation matrix coefficients
to the inner product step processors has been solved. The coefficients

are generated directly in each cell, thus eliminating the necessity to |

pump them into the array from outside the chip. In addition, the
architectures discussed not only adhere to most of the criteria for
VLSI design but also are inherently cascadable to any problem size
instance. Extension of the proposed architecture to include other DSP
probiems, such as the discrete Fourier transform, was also presented,
the main objective being to demonstrate the flexibility and generality
of the concept to a wide variety of possible architectures. At present,
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Fig. 12. MECP coefficient flow for a discrete Fourier transform of order n
= 4. **1*" indicates the transmission of 2 coefficient to an operating IPSP.
“X" indicates an IPSP in the resting state.

however, the application to problems requiring only simple opera-
tions, such as the Haar and Walsh transform, is practicle. Further
effort is continuing to adapt several other DSP algorithms for
implementation by a dual systolic architecture as well as in
developing a systematic design methodology for coefficient genera-
tion.
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A VLSI Solution to the Yertical Segment Visibility Problem
E. LODI aND L. PAGLI

Abstract—We present a paraliel algorithm to solve the visibility
probiem among # vertical segments in a plane, which can be implemented
on a VLSI chip arranged as a mesh of trees. Our algorithm determines all
thie pairs of segments that “see” each other in éime O(og #n); while the
fastest sequential algorithm requires O log n). A lower bound to the
area-tinie complexity of this problem of Q(n? log? ») is also derived.

Index Terms— Area-time complexity, computaﬁonai geometry, mesh
of irees, parallel algorithm, VLSI.

. INTRODUCTION

A relevant problem in VLSI circuit ayout is-called the “‘visibility
problem.’” It arises in the compaction of stick dlagra.ms where all
components are bounded by orthogenal segments, and it is necessary
to determine the **visibility pairs™ from among all pairs of vertical
(or horizontal) segments [1].

Let us.confine our study to vertical segments. Formally, letting So,
ceey Sy be aset of dzsgomt vertical segments {each §; includes its
cxtrcme points), two segments S;, S; constitute a visibility pair if
there exists a horizontal line intersecting Si: §;, and not intersecting
any other segment S; which lays between S;, S; (see Fig. 1).

Among the known resuits on this problem, we have that the
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Fig. 1. A visibility problem. Some of the visibility pairs are S|, S5, Si, S,
and Sﬁ. 5_1.

number of visibility pairs is at most 3n — 6; tie fastest known
sequential aigorithm determines all visibility pairs in time O(n log n);
a lower bound on this time of Q(n log 7) has been found for an
arbitrary sequence Sp, - *, §,..;- While no bound higher than f2(r) is
known when the sequences of x and y coordinates of the ehdpoints of
the S;’s have been previously sorted (this may be the case in practical
applications [11).

In this correspondence we present a parallel solution to the
visibility problem, which can be implemented by means of the proper

VLSI ¢chip. First we determine a lower bound to our problem in terms

of AT? (area-time complexity), by evaluating the “‘information
transfer”” of any chip which solves the problem. For this purpose we
will show that the visibility problem is equivalent to the one of string
equality. This lower bound is an improvement of the one already
determined in [2]. Second, we present the VLSI implementation of an
algorithm which determines all-the visibility pairs of n segments in
Of(log n) time units. The VLSI model of computation is the one
introduced by Thompson {3] whose basic assumption is that the
different processors belonging to a chip work synchronously being
driven by the same clock, distributed through the chip, and the
transthission time is independerit from the wire length. In our
proposal the processors are interconnected as a “‘mesh of trees.””

We recall that an rn X n mesh of trees (called MT ) isaset of m X
7 nodes (called leaves) arranged as 4 m X n array {4]. The nodes in
the ith row (f = 1, - - -, /m} are connected by a complete binary tree
as well as the nodes of the jth column (jf = 1, -+ -, n) so there are m
+ ntrees whose roots constitute the external accesses of the chip (see
Fig. 2). The MT interconnection is a powerful tool for its multiplex-
demultiplex capabilities. For instance, n bits sent in parallel through
the n column tree roots reach all the m X n leaves in log m time
units. Finally we discuss the design of the chip and we contlude that
both leaves and internal nodes of the MT are elementary processors
of constant (small) size, performing elementary operations; the
communication channels between nodes are still of constant band-
width. We assume also that the transmission is allowed from each
father node to each son node and vice versa at-each clock time, Such
mesh of trees can be optimally embedded in a rectangular area of
O(mn- log m - log n) 4].

. LowER BOUND

An AT? lower bound to the area-time complexity can be
determined . by ‘evaluating the “‘information transfer’” I of the
problem, that is the minifum number of bits crossing the circuit
partitioned in two halves during a worst case computation. It is also
known that the square of the information transfer constitutes a lower
bound to the AT? complexity {3]. We will show that a restricted
visibility problem of n segments is equivalent to the one of string
equality of length of O(n log n).

The following lower bound holds in a suitable VLSI model of
computation whose basic assumptions are that the chip is synchro-
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