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Abstract - The problem of practical realization of the op- 
timal Axed-delay symbol-by-symbol detection algorithm is 
investigated. A simplified parallel symbol (SPS) detector is 
derived which is several times faster and simpler than that 
suggested by the original algorithm. A number of approxi- 
mations are applied to the SPS detector which lead to the 
derivation of suboptimal detectors. An interesting subop- 
timal detector so derived turns out to be identical to the 
minimum-metric Viterbi detector. A comparison of the 
SPS and the Viterbi detectors shows that the former has a 
slightly better performance at low values of SNR and the 
latter performs a smaller number of computations (partic- 
ularly) at high values of the delay constraint; otherwise, 
the two are comparable in performance and complexity. 

I. INTRODUCTION 

An increasing demand for high data rate transmission 
over bandlimited channels with severe intersymbol interfer- 
ence (ISI) has resulted in sustained activity over the last two 
decades to develop improved methods of equalization. Since 
error probability is the most important performance measure 
in such applications, it is of interest to develop practical re- 
ceivers suitable for W I  implementation which optimize 
some measures directly related to probability of error. Two 
important criteria in this regard are: minimum probability of 
symbol error and maximum likelihood sequence estimation 
(MLSE). 

Abend and Fritchman [l] derived the optimum fixed- 
delay ‘symbol-by-symbol’ detector, which is optimum in the 
sense of minimizing the symbol error probability given a de- 
lay constraint, D (i.e. given all the previous as well as D 
succeeding received samples). Nevertheless, neither this nor 
the related modifications or simplifications to the optimal 
symbol detector have received attention as being practical 
procedures. This is largely due to the computational burden 
of the algorithm, which, in particular, involves summation of 
exponentials and a large number of multiplications. An ap- 
proach that has received tremendous attention is the Viterbi 
algorithm (VA), which was originally introduced for 
maximum-likelihood decoding of convolutional codes and 
was then applied to signaling on IS1 channels. 
This work was supported in part by a grant from the Natural Sciences and 
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While the structural aspects of MLSE (or the related 
VA) have received some attention, the criterion based on the 
minimum probability of symbol error has not received the 
same scrutiny. The main purpose of the present paper is to ex- 
amine an algorithm which minimizes symbol error probability 
with the objective of developing parallel-structure implemen- 
tations with low complexity. For this, the practical realization 
of the optimal fixed-delay symbol detection algorithm derived 
in [l] is investigated [2,3]. The algorithm is mapped onto a 
fully-parallel structure suitable for VLSI implementation. 
Then, through systematic reformulations of the algorithm, a 
number of simplifications are introduced that avoid the com- 
putation of exponentials and reduce (or possibly eliminate) the 
number of multiplications to be performed at the expense of 
introducing a comparable number of simple operations of ad- 
dition, comparison, and table lookup. The result is a simplified 
parallel symbol (SPS) detector. In Section N, a number of 
suboptimal design considerations are discussed and three 
suboptimal symbol detectors are introduced. In Section V, the 
SPS detector is compared to the Viterbi detector. It turns out 
that one of the suboptimal detectors derived from the optimal 
symbol detection algorithm is identical to the minimum- 
metric Viterbi detector which is also a suboptimal symbol 
detector but derived from MLSE. 

11. OPTIMAL SYMBOL-BY-SYMBOL DETECTION 

As in 141, let a digital transmission system with pulse 
amplitude modulation (PAM) be represented by an equivalent 
discrete-time transversal filter with tap coefficients ( f k  ) 
Then, the output sequence ( v k  } , is given by 

L 

n=O 
vk = f n I k - n + T k  (1) 

where ( I k }  is a sequence of information symbols drawn from 
an M-symbol alphabet ( = +1 in the binary case ), L is the 
effective length of the channel dispersion, and ( T k )  are in- 
dependent, identically distributed Gaussian random variables 
with zero mean and variance N o  / 2. 

We consider the optimal symbol-by-symbol detection 
algorithm under a fixed delay constraint, developed by Abend 
and Fritchman [l] and as presented in [4]. Let 
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V I ,  v2, ..., v k + D  be the observed received sequence, where 
D 2L.l J'he MAP estimate of the kth information symbol, 
denoted I k ,  is given by 

(2) 

For memoryless equi-probable input symbols, the function u k  (.) is 
obtained recursively from 

- 
Ik =arg { yy z ' * ' uk(Ik+Dv . . . I  1,) 1 

h + ~  L+I  

I k - I  

The initial value for the recursion in (3) is obtained from 

u i ( I ~ + i ,  . . . , I  i )=exp{ 

The forbidding computational burden of this algorithm is 
apparent from (2)-(4). The procedure involved is particularly com- 
plicated due to the large number of the slow and complex operations 
of exponentiation and multiplication required for the estimation of 
each symbol. In addition, there is a large dynamic range associated 
with the computation of exponentials. In a typical floating-point 
representation, this leads to overflow (or underflow) problems. 

III. SIMPLIFIED PARALLEL SYMBOL DETECTOR 

To exploit the regularity and parallelism inherent in the al- 
gorithm, we follow a procedure towards a design that is suitable for 
VLSI implementation [2]. For simplicity, we assume M = 2 (binary 
signaling) and equi-probable and statistically independent informa- 
tion symbols. The results may be generalized to any alphabet size. 

To simplify the notations in (3), let 

(5)  
- ( j )  -( i) -(i ) xj" = u k - D ( I k - D ,  Ik-D+19 I k  

and 

In (5) and (6), j is the decimal value correspnding to the binary 
representation of a specific path. -Qfre-&y 2 q f h  paths given 
by al l  possible values of the set { I k - D ,  Ik-D+1, ..., I k  I . Then, the 
algorithm defined by (2)-(4) can be rewritten as follows. 

D+l 
X Y + ~  = exp { [ -pf  IN^] 1 

k=l 

where 

and N 2D . The floor function 1.1 denotes the greatest integer 
not greater than a. 

If one node in an index space ( j , k ) is allocated to the com- 
putation of each Yf (Eqn.(7d)) and the dependencies between nodes 
in each discrete time step are represented by m w s ,  a dependence 
graph can be derived for the optimal symbol detection algorithm as 
shown in Figure 1 for D = 2 .  The resulting mcture (defined by the 
derived DG) has a topology similar to that of the Viterbi trelh but 
with dzTerent processing performed at each node. This is further 
discussed in Section V. Equation (7a), which gives the optimal esti- 
mate of the kth information symbol, uses the intermediate node out- 
puts {Xf } given by (7b). Since { X r D ] ,  for all j ,  are computed in 
parallel, no storage of path history is required. 

The next step is to reduce the large computational burden of 
the algorithm. The processing required at each node is shown in 
Figure 2. Parallel processing does increase the throughput of the 
system by a factor of N ,  but still, the computations required at each 
node are complex and slow. 

Let xf = - N o  lnXf and yf = -No  h Y f  . Then, using 
the concept of Jucobi's logarithm [5], Eqn.(7d) can be rewritten as 

where 

sgj = xf - x j  . (9) 

Let us use the following shorthand notation 

Then, using (lo), (8) implies 

yf = min*(xf,xf+N) ; i=O,l ,  * * * . N - l ;  k > D + l ( l l a )  

where 

mint ( xf , xf ) = min (xf , xf ) + ef, j (1 1b) 

Similarly, (7b) and (7c) imply 

xf = YLilZJ k-' + pf , i=o, 1, . . . , 2 N - l ;  k > D + 1  (llc) 

D + l  

k-1 
8'' = C pf , i=O,1 .  * * - , 2 N - l  (1 Id) 

Note, from (10) and (ll), that the knowledge of the noise 
variance, N o / 2 ,  is now used in the computation of I$$ only. Also, 
from (lo), - N o  In 2 I < 0 and is significant only for small 
values of ISf-,l. This is further discussed in Section IV. A 
significant simplification of the algorithm (1 1) occurs when only yf 
is computed at every node ( j  , k )  and the factor $ f ~  is tabulated 
explicitly as a function of I S t j  I .  Figure 3 shows the resulting 
simplification in the processing required at each node. It can k 
shown that further simplification is possible ( 2D-1 nodes instead of 
2D nodes) for D > L by virtue of the fact that pf and p f ~ ,  which 
are being added in the ith node, will be the same. 

Similarly, using the same substitution in (7a) and applying 
the concept of Jacobi's logarithm, the MAP estimate of t k - 0 ,  in the 
new structure, is obtained from 

The algorithm for the case D < L is similar to the case D 1 L 
except that it considers L (rather than D) most recent symbols for 
the recursion. 

where 
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and 

In Eqn.(l3), 

~ ~ * ~ ~ o , a l , ~ ~ ~ , u ~ ~ ~ ~ ~ m i n ( u ~ , ~ ~ ~  * * - , Q N - I )  
(14) 

- N o h (  l+e-*l”o +...+e-4Y-llNo ) 

where ( A i )  , i = 1,2, ... , N-1, correspond to the difference 
between the minimum and every other value amongst 
( a o  , a l  , ... , UN-1 1. AS increases, e”‘“O in (14) decreases 
and becomes negligible compared to ‘1’. Consequently, a near- 
optimal approach could be to keep the smallest Ai (corresponding to 
the difference between the minimum and the next minimum) only, 
or, instead, if a ‘me’ search is used in finding 
min( a0 , a , ... , UN-~) ,  to apply the table look-up to the outer 
binary comparison only. This way, the same look-up table used for 
the recursion may be used for output generation (symbol estima- 
tion). In this case, (13) may be approximated by 

yk (0) = min* [ min(x8, x:, , xk12-1 ) , min(xNn, xNn+l, * * *  ~ - i  )] 

and 

yk ( 1 = min* [ min(x;, xk+l, *.. ~4”/2-1) 

k k  

(15a) 

(15b) 
min(x~/2,xtN/Z+1~ - * . x ~ - i ) ]  

Note (by comparing Fibres 2 and ?! that all multiplications 
by (- l /No) ,  in the computation of e-yi ’, and all exponentials 
are removed and the multiplication inside every node is replaced by 
one addition, all at the expense of simple operations of compare- 
select and look-up (one per node) and an (affordable) extra com- 
plexity in symbol estimation ((12) replaces (7a)). The result is a 
simplified parallel symbol (SPS) detection algorithm (1 1)-( 15) with 
a fully-parallel structure containing N nodes where the computations 
required at each node are simplified to add-compare-select followed 
by lookup-add, and that the storage of surviving sequences is not re- 
quired. To this, one must add the other achieved improvements: 
The problems associated with a large dynamic range, such as 
overflow or underflow, are (practically) avoided by replacing the 
summation of exponentials by values comparable to their ex- 
ponents; and, finally, as stated earlier, the exploitation of the paral- 
lelism inherent in the algorithm has resulted in the derivation of a 
parallel structure, suitable for VLSI implementation, with a speed- 
up factor of N compared to a serial implementation. This algorithm 
is optimal if (13) is used and near-optimal if (15) is used in symbol 
estimation given by (12). 

IV. SUBOF’TIMAL DETECTORS 

Simulation results show that the SPS detector derived in 
Section I11 is quite robust against an error in our knowledge of the 
noise variance No12 and, generally, it is relatively insensitive to the 
size of the look-up table (Eqn.(lO)) especially at moderate to high 
values of SNR. It can be shown that, first of all, only small values of 
6 t j  (say less than 2 NO), at relatively large quantization intervals, 
need to be tabulated (hence a small look-up table) and, secondly, the 
look-up factor becomes negligible for moderate to high values of 
S N R .  

This can lead to the derivation of suboptimal detectors. One 
such detector, referred to as suboptimal detector ‘Al., avoids the 
look-up operation (i.e. ignores [ @tj 1 ) in the recursion (1 1) and 
reduces the processing required at each node to add-compare-select 
(ACS) only. Suboptimal detector ‘A2’ keeps the additive lookup 
term (10) in the recursion (1 1) but ignores it in the symbol estima- 

tion (12). This leads to a substantial simplification in the symbol 
detector by allowing its DG to collapse from having 2D nodes to 2L 
nodes for D > L at the expense of introducing memory for ‘sur- 
vivor’ sequences. Finally, suboptimal detector ‘B’, avoids the 
look-up operation both in the recursion (1 1) and in the symbol esti- 
mation (12). In other words, each function min.(.) is replaced by 
the function min (. ) . It performs ACS at each node and makes a 
decision on 1k-D based on the ‘dominant’ value of {xf  1 @n.(12)) 
at every stage. Detector ‘B’ is even simpler than ‘A2’ in that the 
operations required at each of its nodes is reduced to ACS. The 
insignificance of the look-up factor with increasing S N R  suggests 
that the performance of these suboptimal detectors should approach 
optimal performance as S N R  increases. Figure 4 verifies this for the 
specific channel and the delay constraint indicated. 

V. COMPARISON WITH THE VITERBI DETECTOR 

Using the discrete-time model of an IS1 channel given in 
Section 11, the recursive equation for the VA is as follows: 

yk ( I l7  ..., IL+k)=min 
11 

This involves computation of 2L+1 probabilities and selection of 2L 
surviving sequences (for a binary alphabet). At each stage, a deci- 
sion will be made on the set ( 11, . * , I,,, ), 1 S m I k, if all the 2L 
surviving sequences that terminate in the symbol IL+k agree on its 
value. Otherwise, the decision is deferred. 

In practice, the variable delay involved in symbol detection 
is replaced by a fixed delay constraint through truncating the length 
of the surviving sequences to D most recent symbols. In the VA, 
there are different strategies to ‘force’ a decision, in case the surviv- 
ing sequences at time k do not agree up to time k -D [6]. A few of 
these strategies are the ‘majority decision’ rule (choosing the sym- 
bol suggested by the majority of the surviving sequences), the 
‘minimum metric’ rule (choosing the symbol suggested by the node 
with minimum metric), and the ‘arbitrary selection’ rule. 

The recursion (16) can be represented by the Viterbi trellis 
which has the same structure as the SPS detector’s M? (Figure 1) 
but with 2L nodes (for a binary alphabet) where the processing re- 
quired at each node is ACS. Based on this representation, (16) may 
be rewritten as 

yf = m i n ( x f , ~ i + ~ ~ )  ; i=O,1, . . . , P - 1  (17a) 
It 4. 

where 

xf = yf;i;b + pf , i=o, 1, ... ,2L+’-1 (1%) 

and pf is given in (6). The symbol estimation for minimum-metric 
Viterbi detector is then given by 

‘k 

While SPS and Viterbi detectors are derived from different 
optimality criteria, they are both symbol detectors working on the 
same limited information and exhibit similarity both in performance 
and structure. The fixed-delay symbol-by-symbol detection algo- 
rithm is, by definition,expected to yield a lower probability of a bit 
error P, compared to the Viterbi algorithm (VA) for the same delay 
constraint. The simulation results show that the performance (based 
on the symbol e m r  probability) of the SPS detector is slightly supe- 
rior to that of the Viterbi detector at low values of S N R  but the two 
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are comparable at moderate to high values of SNR. An interesting 
range to consider is the values of the delay constraint, D, compar- 
able to the length of the channel dispersion, L. The results show 
that only the Viterbi detector with the ‘minimum-metric’ strategy 
comes close to the SPS detector (at least for D I 5  L). 

Equations (11) and (17) show that, except for an additive 
look-up term, the same processing is performed at every node of the 
SPS and the Viterbi detectors. Furthermore, the two detectors have 
the same dependencies between nodes. Thus, the similarity between 
their structures becomes apparent. Though derived from different 
criteria, suboptimal detector ‘B ’ and minimum-metric Viterbi detec- 
tor tum out to be identical. 

There are, 2L nodes in the Viterbi trellis but 2m“(‘.D-’) 
nodes in the SPS detector’s DG. This adds to the complexity of the 
latter as D increases beyond L + 1 . On the other hand, in the Viterbi 
detector, symbol estimation requires the storage of 2‘ surviving se- 

’ quences, each of length several times that of the channel dispersion, 
L. In a VLSI implementation, this may occupy a significant portion 
of the total chip area. The decision on the information symbols, 
made by the SPS detector, is based on the comparison of the nodes’ 
intermediate outputs (see Eqn.( 13)) at each stage, and the storage of 
surviving sequences is not required. 

VI. DISCUSSION AND CONCLUSION 

A practical realization of the fixed-delay symbol-by-symbol 
detection for noisy and time-dispersive channels is achieved. The 
mapping of the algorithm onto a fdy-parallel array structure and 
the subsequent systematic simplifications introduce a simplified 
parallel symbol (SPS) detector which is several times faster and 
simpler than that suggested by the original algorithm. This deriva- 
tion together with the related suboptimal simplifications form the 
main results of this work. 

Our comparison of the SPS detector developed in this paper 
with the Viterbi detector shows that the former achieves a slightly 
better performance at low SNR (Figure 4, where ‘B’ is the same as 
minimum-metric Viterbi detector) and the latter is simpler in com- 
plexity for high values of the delay constraint; otherwise, the two 
are comparable in complexity and performance. The simplicity of 
the SPS detector makes it possible to carry out a more detailed com- 
parison of its performance with respect to the Viterbi detector for 
specific applications. 

State 

Since the topology and the type of operations involved in 
the SPS detector arc similar to those of the Viterbi detector, the 
same approaches that use the Viterbi trellis for its VLSI implemen- 
tation [71 can be applied here. The simplifications, already known 
for VA, to avoid multiplications in the branch metric computations 
[8] are also applicable to SPS detection algorithm. Furthermore, by 
modifying the expression for the branch metrics, SPS decoder may 
be derived. A complete analysis of such designs merits further 
work. 
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Fig 1 -The dependence graph of the symbol detector. 
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Fig 2- The processing required at each node before simplification. 
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Fig 3 -The processing required at each node after simplification. 
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Fig 4 - Probability of a symbol error vs. SNR; D = L =4. 
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