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Efficient RC power grid
verification using node

elimination
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To ensure the robustness of an integrated circuit, its power distribution network (PDN) must be validated beforehand against any voltage
drop on VDD nets. However, due to the increasing size of PDNs, it is becoming difficult to verify them in a reasonable amount of time.

Lately, much work has been done to develop Model Order Reduction (MOR) techniques to reduce the size of power grids but the focus is more
on simulation. In verification, we are concerned about the safety of nodes, including the ones that have been eliminated in the reduction

process.

This paper proposes a novel approach to systematically reduce the power grid and accurately compute an upper bound on the voltage drops
at power grid nodes that are retained. Furthermore, a criterion for the safety of nodes that are removed is established based on the safety of
ather nearby nodes and a user-specified margin.
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1. Introduction

The reliability of an integrated circuit de-
sign depends on its power distribution
network (PDN). Any variations in sup-
ply voltage may lead to increased circuit
delays and loss of yield. Thus, the voltage
drop on any node of the grid must not
exceed a certain threshold. This is crucial
especially for modern designs that operate
on reduced supply voltages.

One way to check the power grid integ-
rity is through simulation. But it requires
the knowledge of input currents used to
load the grid, which might not be avail-
able, and an exhaustive analysis with all
possible vector traces is impractical.

Another option is to do vectorless veri-
fication, which does not need the detailed
information about the input stimuli. How-
ever, the techniques proposed in [1] and
[2] require solving a linear program (LP)
for every grid node.

Moreover, the size of each LP is pro-
portional to the grid size. This imposes a
limit on the size of grids that can be veri-
fied efficiently using such a vectorless ap-

proach. If we can reduce the grid size by
eliminating some nodes, it will result in a
reduced optimization problem with fewer
and smaller LPs.

Model Order Reduction (MOR) gives
a way to replace the original grid with
a reduced one, with fewer nodes, while
producing a good approximation of the
input-output behavior.

MOR methods developed so far, such
as those presented in [3] and [4], approxi-
mate the power grid by a smaller grid.
When simulated, this grid has nearly the
same output response as that of the origi-
nal grid. These methods are not suitable
for reducing a verification problem as
they do not relate the safety of nodes in
the original grid to those in the reduced
grid. The key difficulty in our problem lies
in characterizing the safety of nodes that
have been eliminated during the reduc-
tion process.

Therefore, in the case of verification, be-
sides maintaining electrical equivalence,
the method must also be able to infer the
safety of the original grid from the verifi-



cation results of the reduced grid. In this
work, we devise a safety criterion for the
eliminated nodes based on worst-case
voltage drops at the verified nodes in their
proximity. Furthermore, the maximum
voltage drop at nodes that are retained
and verified is computed with minimal
error.

2. Background

2.1 Power grid model

We consider an RC model of the power
grid that has resistive connections between
nodes and a capacitor from every node
to ground. Some of the grid nodes have
ideal current sources (to ground) repre-
senting the currents drawn by the circuits
tied to the grid at those nodes. Further,
some nodes have ideal voltage sources (to
ground) that represent connections to the
external supply voltage.

This configuration can be transformed
into an equivalent grid model by remov-
ing all the voltage sources and reversing
the direction of all current sources [1]. The
node voltages in this modified grid repre-
sents the voltage drops in the original net-
work.

2.2 Vectorless verification

In order to capture the uncertainty about
the circuit details and circuit behavior in
early verification of the grid, we will use
the concept of current constraints [1]. There
are two types of constraints, local con-
straints and global constraints. Local con-
straints are upper bounds on individual
current sources and represent the maxi-
mum current drawn by individual cells or
blocks. They can be represented as:

O0<Lit)y=sl,, Vt=0.

where [, is a vector of fixed current values
and L is an n X n identity matrix. If a grid
node, k, does not have a current source at-
tached to it, then I, = 0.

However, local constraints alone are in-
sufficient, as the chip components do not
draw their maximum currents simultane-
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Figure 1
A power grid section
Source: University of Toronto

ously. Global constraints are introduced
to provide an upper bound on the sum
of currents drawn by groups of current
sources, and can be expressed in matrix
form as:

O0<Ul(t)=<I,, Vt=0

where U is a matrix of dimension m x n
such that U, is 1 if the current source at
node j is included in i constraint, and 0
otherwise. Here, m is the number of global
constraints, I, is a vector of size m and I,
is the upper bound on the sum of currents
included in the i constraint.

3. Node safety criteria

A power grid node is considered safe if
its voltage drop is less than a maximum
allowable threshold value. In case of a
purely resistive grid, the safety of a node
is implied by the safety of all its immedi-
ate neighbors.

This comes from Kirchoff’s Current Law
(KCL), according to which there must be
at least one branch carrying current away
from the node under consideration. Since
this is a path of increasing voltage drop, at
least one of the neighbors will have larger
voltage drop than the given node. And

therefore, the safety of all neighboring
nodes implies the safety of a node.

However, in an RC power grid, a node
can be connected to a capacitor and a cur-
rent source besides resistive connections
to other nodes. If somehow we can move
these capacitors and sources to leave the
node with resistive connections only, we
no longer need to worry about its safety
and it can be eliminated.

3.1 Moving current sources

The idea of moving a current source is
not new and has appeared in research
from time to time. However, this section
explains the effect of moving a current
source in the context of verification, with
emphasis on its impact on node voltages
and on the local and global constraints.

3.1.1 Prior work

Figure 1 shows a section of an RC power
grid. We are interested in removing the
current source at node 0. Note that the
figure shows a node with four immedi-
ate neighbors but the analysis can easily
be extended to any number of neighbors.

Continued on next page
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The work in [5] describes how a current
source present at a node can be moved to
the neighboring nodes while preserving
the electrical behavior of the power grid.
The result is the introduction of a new cur-
rent source at the immediate neighbor i of
node 0, with a magnitude of:

o8

0

Il =

, Vi=12,3,4

where g is the conductance between node
0 and node i, I, represents the current
source at node 0 and:

4
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Let ¢, denote the capacitance to ground
at node 0. The approximation involved in
the above equation is based on quick node
assumption [5], which requires ¢,/ G to be
less than t. As we will see later on, only
the nodes satisfying this property will be
considered for elimination.

Although the electrical behavior of
boundary nodes is preserved, node 0 volt-
age will change due to the removal of cur-
rent source. Writing KCL at node 0 in the
Laplace domain before and after moving
the current source, and subtracting the
two yields:

1
0
Vo= Vo
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where the two v values on the left of the equa-

)

tion are voltages at node 0 before and after
moving the current source, respectively.

3.1.2 Application to verification

Because the values of the current sources
are not known explicitly, they cannot be
distributed directly as suggested above.
Only the peak values of these sources are
specified in terms of local and global con-
straints. Therefore, we have to express the
above current source distribution scheme
in terms of current constraints, in order to
formulate the verification problem on a re-

duced grid.

3.1.2.1 Local current constraints
Let I be a feasible current assignment for
some neighbor j of node i. Then, according
to the local constraints, we have:

Ij sIL_j

The removal of the current source from
node i will introduce a new current source
at node j. Node j will now have this new

current source in addition to any current

Figure 2
Node elimination
Source: University of Toronto
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source it may have had previously. There-
fore, the modified feasible current assign-
ment for node j, I, can be written as:
g,
I''=1I,+ ——’
3

where I is the feasible current assignment
fornodej, g is the conductance connecting
node i and node j and G, is the sum of con-
ductances connected to node i. From the
above two equations, we have:
g

i

I' <1

j L.j

Using I, < I, in the above equation
gives:

IL,igj
Lt
G,

{

I'jsl'L,j=I

where I’ - is the new value of local con-
straint at node j. Therefore, the modified
local constraint is obtained by adding to
its original value, the local constraint val-
ue of its neighbor scaled by conductances.
If we assume that there is no approxima-
tion involved, then the modified and the
original system of constraints are equiva-
lent and represent the same feasible space
of voltages.

3.1.2.2 Global current constraints
Let there be m global constraints, repre-
sented as:

Ui<l, )

If we remove a current source from node
i, all entries in the i column of U should
then be set to zero. Besides this, if the k" con-
straint contains node i, then U, is set to 1 for
every neighbor j of node i. Further, if neigh-
bor j was not initially included in the k& con-
straint and has its own current source, then
I, must be updated by adding to it the lo-
cal constraint value corresponding to node
Jo 1, 1t can be easily seen that I;, remains
unchanged if the neighbor of node i has its
own current source and is already included
in constraint k. The modified global con-
straints may be represented as:



Uil 3)

Notice that the set of constraints in
equations (2) and (3) are not equivalent. In
fact, the feasibility space defined by (2) is a
subset of that defined by (3). Consequent-
ly, in the absence of any approximations,
the analysis performed using the modified
global constraints guarantees a conserva-
tive estimate.

3.1.3 Implications for node safety

As noticed from (1), the movement of a
current source from a node affects its volt-
age. Under quick node assumption, the
first order Taylor expansion of this equa-
tion can be simplified to:

=Vt (@)

Note that the voltage at node 0 is re-
duced in the modified network by a quan-
tity approximately equal to I,/ G, referred
to as the auxiliary voltage drop or simply the
auxiliary drop of node 0. Therefore, when-
ever a current source is moved from a
node, its auxiliary drop must be added to
the node voltage in the modified network
in order to obtain the actual node voltage.

3.2 Moving Capacitances

Consider again the generic node situation
shown in Figure 1. After moving the cur-
rent source, we want to move the capaci-
tor from node 0 to its immediate neigh-
bors. The target modified circuit will have
capacitor ¢, added to neighbor i.

3.2.1 Prior Work

The node elimination procedure in [6], dis-
tributes a capacitor among its neighbors in
a weighted ratio of conductances. Analyti-
cally, this translates to:

Co
C.o~228i yio1,2,34
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Writing KCL in the Laplace domain at
node 0 for the modified circuit and com-

paring it with the original gives:

_vo

1+ —— (5)
2, 8

where v” is the new voltage at node 0.
3.2.2 Implications for node safety

Unlike the previous case of moving a cur-
rent source, moving a capacitance away
from a node will have negligible impact
on its voltage. This is because
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is, by assumption, very small and utilizing
this in equation (5) gives:

Yo =V (6)
This means that the voltage at node 0

in the modified network is approximately
equal to that in the original network.

3.3 Characterizing Safety

After removing the current source and ca-
pacitor from node 0, it is connected to its
neighboring nodes only via conductances.
As noted here, the safety of all neighbor-
ing nodes would guarantee the safety of
node 0. In terms of voltage drops:

vy < max(v,,v,,v;,V,) @)

Therefore, if all of the neighbors are
known to be safe, node 0 must be safe as
well. As we no longer need to directly ver-
ify node 0 for safety, it can be eliminated
using an exact star-mesh transformation.
The equivalent circuit shown in Figure 2 is
obtained by removing node 0 and adding
conductance g, between neighbors i and j,
such that:

where g, is the conductance between
node 0 and neighbor i. However, besides
ensuring the safety of the neighbors, we
must also account for the auxiliary drop
incurred due to current source removal.

From Section 3.1.3, we know that remov-
al of current source from node 0 results
in an auxiliary drop of I,/G . Also, recall
that removal of a capacitor does not cause
any additional auxiliary drop. Therefore,
two factors define the safety of a node in
the original grid: safety of its immediate
neighbors and its auxiliary drop. From
equations (4), (6) and (7), the criterion for
safety of node 0 becomes:

i
=2 + max(v,,v,,vs,v,) <
0

allowed

where V

allowed

is the maximum voltage drop
allowed on any grid node.

4. Grid reduction

In the previous sections, we described a
procedure to eliminate a node and estab-
lish its safety. We want to repeatedly ap-
ply the above node elimination procedure
in order to eliminate whole sections of the
grid, rather than a single node. However,
the above procedure cannot be applied to
all grid nodes, but only to the ones that
have small ¢,/G, as we have made this
approximation at several instances.

Therefore, the first step will be to iden-
tify regions containing these special
nodes. For doing this, the grid nodes are
traversed topologically, starting from an
arbitrary node, and all the adjacent nodes
that have small ¢,/ G, are grouped together
in the same region.

We must also keep track of nodes that
will later be used to characterize the safety
of nodes that have been removed. Define
the safety set, X of a region to be the col-
lection of all those nodes that will be in-
cluded in the safety criteria of any internal
(removed) node i in that region.
I
at max (v, [Vx EX) = V...

1

As we expand the region, we keep up-
dating the safety set by adding to it the
neighbors of the node under consideration

Continued on next page
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Reduction _Runtime |Max Error
Reduced Original i
4,050 64.12% 7.18m 24.5m 0.091mV
8,722 65.58% 60.2m 139m 0.308mV
15,313 66.61% 2.84h 7.44h 0.093mVv
24,100 64.65% 9.78h 23.37h 0.083mVv
34,522 64.96% 20.32h 48.73h 0.137mV
46,605 65.22% 39.05h 100.58h (est.) =

Table |
Power grid verification results
Seurce: University of Toronto

and removing from it, if present, the cur-
rent node. As the region grows, the safety
criteria may become pessimistic as a result
of increased auxiliary drops and, pos-
sibly, due to maximization over a bigger
set. Therefore, a user-specified limit on the
size of regions is imposed. Once a region
is created, its safety set must contain all its
external boundary nodes.

These regions will initially include
nodes having current sources as well as
capacitors. Once we move these elements
from internal nodes to the boundary, after
accounting for auxiliary drops introduced,
we would get regions having node-to-
node conductances only. In case of such
purely resistive regions, the voltage drop
at any internal node must be less than
some boundary node according to the
same KCL argument given earlier. There-
fore, the safety of an internal node, elimi-
nated with star-mesh transformation, is
governed by the safety of boundary nodes
in addition to its auxiliary drop.

4.1 Computing Auxiliary Drops

We have seen how a current source can
be moved from a node to its immediate
neighbors. The result was the introduction
of auxiliary drop at the node, along with
secondary current sources at its neighbors.
Because our aim is to move current sources
all the way to the boundaries, the second-
ary sources created at the neighbors must
be moved further away, one by one, until
the boundary is encountered. The move-
ment of secondary sources will introduce
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auxiliary drops at these neighbors as well.

Since the safety of a node is computed
with respect to its neighbors, and if these
neighbors themselves have auxiliary drops,
then the auxiliary drop at the node must be
updated by adding to it the maximum aux-
iliary drop among its neighbors. Moreover,
as the exact values of current sources are
not known, their maximum values speci-
fied in the local constraint vector, I, are
used to compute auxiliary drops.

We do not want these auxiliary drops to
become too large because then the nodes
may be falsely classified as unsafe. There-
fore, if moving a current source causes
the auxiliary drop at any node to exceed a
user-specified threshold, y, then the node
containing that current source is excluded
from the region and added to the safety
set. Thus, the safety of nodes in the safety
set will essentially guarantee the safety of
all internal nodes within a margin, which
is equal to the threshold value, vy itself.

Note that the number of secondary
sources increases exponentially as we re-
peatedly move current sources. However,
we can significantly reduce the complex-
ity of this algorithm by pruning. The incre-
mental auxiliary drops caused by a current
source keep on decreasing as we move
away from it. This is related to the concept
of grid locality, which states that the effect
of a current source diminishes as we move
away from it [7]. Practically, these drops
become so small after a few hops away
that there is no point in computing them.
Hence, we can define a threshold, ¢, on the

auxiliary drops and prune everything be-
yond it, resulting in a near constant time
algorithm.

4.2 Sparsity considerations

The star-mesh transformation results in
the addition of new connections to each
neighbor of the eliminated node. The to-
tal number of fill-ins created, across the
whole grid, would be of the order of:

r
zi-onimf

where r is the total number of regions, n,
is the number of internal nodes in the i
region, and m, is the number of boundary
nodes of the ™ region. A large number of
fill-ins results in a denser constraint ma-
trix, which may lead to slower optimiza-
tion. This is another reason to limit the
size of regions. This, in a sense, will re-
duce both n, and m, but with an increased
7. Nevertheless, the reduction in the qua-
dratic nm, is significant, compared to an
increase in the linear effect of r.

Moreover, as we remove nodes from a
region, many of the new connections add-
ed are insignificant in terms of magnitude
and can be dropped without introducing
much error. Therefore, in order to maintain
sparsity, any new connections, which are
below a certain threshold, %, are dropped.
This is similar to the approximation step
of sparsification, which is often employed
when working with large matrices. An-
other advantage of doing this is to avoid
propagating insignificant connections as
we remove nodes, thus making the reduc-
tion process faster.

5. Experimental results

A C++ implementation is written to evalu-
ate the proposed approach. The grid veri-
fication problem is formulated as a linear
program (LP) and solved using the upper-
bound technique presented in [8]. Our test
grids were generated according to user
specifications, which include grid dimen-
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sions, the number of metal layers, C4 and
current source distributions, among others.
The results are presented in Table 1 (p. 36)
and are obtained for £=0.05mV, y=10mV,
%=1¢?% mho and t=5*"%. The size of a re-
gion is limited to 1% of total grid size in
order to maintain sparsity. The percentage
of nodes eliminated is shown in the second
column. The CPU times for verifying the
reduced and the original grids are shown.
The runtime for the reduced grid includes
the time to eliminate internal nodes and
to compute auxiliary drops. Runtime for
the last test case is estimated by verifying
a thousand randomly chosen nodes and
extrapolating the results.

For all the test cases, significant runtime
saving is achieved. Furthermore, the maxi-
mum difference between the voltage drops
in the reduced and original (retained) grid
nodes is recorded and found to be negli-
gible in all cases.

The safety of eliminated nodes can be
established using the criteria developed
earlier in this paper. Moreover, if all the
verified nodes have voltage drops less
than the allowed limit by an amount equal
to v, then the safety check on the eliminat-
ed nodes can be skipped and the grid may
be considered safe.

6. Conclusion
With the growing size of power delivery
networks, it is becoming difficult to verify
them with traditional methods. The veri-
fication process is becoming increasingly
costly in terms of time and computation
resources, calling for an efficient model or-
der reduction (MOR) technique.
However, existing MOR techniques
are not suitable for verification. In this
work, we have proposed a technique to
selectively eliminate certain nodes of the
power grid, while verifying the rest. The
safety of the eliminated nodes is inferred
from the safety of those that are verified
within a predefined margin. Experimen-
tal results show excellent accuracy, along
with significant runtime savings.
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