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Abstract—An analysis of the cycle slipping behavior
of a bang-bang phase locked loop (PLL) far from its
lock provides expressions for the pull-in frequency range.
Behavioral simulation is used to validate the analytical
results which estimate the pull-in range at least 40% more
accurately than prior work.

I. INTRODUCTION

Phase-locked loops (PLLs) are essential blocks in
many systems such as clock and data recovery, data con-
version, frequency synthesis and clock synchronization.
PLLs employing a binary “bang-bang” phase detector
(BBPD) have become more commonly used due to
their simplicity compared to PLLs with a linear phase
detector allowing them to operate at the highest possible
speed. Also, BBPDs are preferred over time-to-digital
converters (TDCs) for integer-mode digital PLLs for
their low power consumption.

However, bang-bang PLLs in general suffer from three
major drawbacks. Firstly the loop gain and the associated
loop characteristics are hard to define due to the highly
nonlinear phase detector. Secondly they have a limited
pull-in frequency range. Thirdly there is a trade-off
between pull-in frequency range and jitter performance
of bang-bang PLLs [1]. The focus of this brief is on the
analysis of cycle slipping behavior and frequency pull-in
process of bang-bang integer PLLs.

There is a lot of literature dealing with the small-
signal steady-state behavior of bang-bang PLLs [2], [3].
Those works focus on the jitter performance and stability
of such PLLs. The pull-in process during frequency
acquisition of bang-bang PLL is very non-linear and
a large signal analysis is needed. An early attempt to
quantify pull-in range of binary bang-bang PLLs was
done by [4] where an asymptotic formula was derived for
the pull-in range under certain constraints. That analysis
is only valid for lag-lead loop filters and it does not
provide an intuitive understanding of design trade-offs.
In [5], a step-by-step description of oscillator phase
and frequency during locking is presented. However, [5]
provides formula for the frequency lock range before the
occurrence of the first cycle slip, which is much smaller
than pull-in range. More recently, [6] provides a closed
loop formula for pull-in frequency range but it is very
conservative and it under estimates the pull-in range.

978-1-4799-8893-8/15/$31.00 © 2015 IEEE

Fig. 1. Phase domain model of DPLL with bang-bang phase detector.

In this paper, we will analyze the transient behavior
of bang-bang PLLs far from their lock point. A closed
form will be derived to accurately predict PLL pull-
in frequency range which is more accurate than prior
literatures.

II. TIMING MODEL OF BANG-BANG PLL

Fig. 1 shows a z-domain phase model of PLL with
BBPD. The output clock is sampled directly by the refer-
ence clock without being divided down. Accordingly, the
reference phase must be multiplied by the frequency ratio
between output and input clock i.e. N. The BBPD output
is elk] = Kpp - sgn(¢c[k]) = sgn(¢c[k]) assuming
Kpp =1 without loss of generality.

Let wy be the free running angular frequency of
the oscillator output and Kg4., be the oscillator gain
expressed in rad/s/step. Also, denote the instantaneous
output frequency by woyt[k]. Then,

Wout [k] = wo + KacoKp - €[k] + Kaco K - P[k] (1)
Based on Eq. 1 and Fig. 1, the change in the output
phase is,

Adour[k] = Trwo + T KacoKp - €[k] + Tr Kaco K - [k] (2)
For simplicity, we will consider separately the phase

contribution of the proportional path, ¢,[k], and integral
path, ¢;[k], as follows:

bplk] = Tr KacoKp - €[]
= TrchoKpKPD . Sgn(¢e [k]) = (3)

‘ ¢I) = Tr‘choKpKPD = ¢p [k] ~ ¢p . Sgn((b(’[k]) ‘ (4)

d)i [k] = TrchoKi : Q/}[k] (5)
but Aw[k] = E[k] = Ag; [k] =T KacoK; - E[k] (6)



w; = choKiKPD = A¢1 [k] ~ Trwi . Sgn(qﬁe[k}) ‘ (7)

Hence, w; represents the angular frequency correction
provided by the integral path in one reference period.
Now, substitute Eq. 4 and Eq. 7 back into Eq. 2 to get:

AQbout [k] =T,wo + ¢p [k] + d)i [k] 8)

The initial frequency offset, w,sr, is defined as the
difference between the ideal locked output frequency,
Nuw,, and the oscillator free running frequency, wy

Worf = Nwy — wp
= Trwops = TrNw, — Trwg = 27N — Trwo

©)
(10)
If worp is within the pull in range, then the output
frequency error will converge to zero. The phase error

is defined as the difference between the reference phase
and output phase

be [k] = No» [k] — Gout [k]
= A¢e [k] NA¢T [k] - AQbout [k]

(1)
12)

For a fixed reference frequency, A¢,[k] = 27. Substi-
tuting Eq.8 into Eq.12,

Apelk] = 2N — Trwo — ¢plk] — ¢ilk] (13)
and Eq. 10 into Eq. 13 to finally get
| Agclk] = Twoss — oyl = eilk]|  (14)

Eq. 14 has three terms: the first contributes phase slip-
ping due to the frequency error between the free-running
and lock frequencies; the second and third account for
the phase corrections of the proportional and integral
paths, respectively.

III. CYCLE SLIPPING PHENOMENA

A PLL is said to exhibit cycle slipping if the phase
error at the input of BBPD exceeds the range +7. This
phenomena slows down frequency acquisition and limits
the pull-in frequency range of PLL [5].

Whether a PLL will exhibit cycle slipping or not
is dependent on the relation between the phase shift
caused by the initial frequency offset, Trw,ry and the
available phase correction by the proportional path, ¢,,. If
Trwops < 26", then a PLL will lock relatively quickly
without cycle slipping, assuming the loop is stable. On
the other hand, if the frequency offset is big enough
such that T;.w, ¢ > 2¢,, but still within the pull-in range
described below, then the PLL will exhibit cycle slipping
during frequency acquisition until the induced phase shift
due to frequency error is reduced to below 2¢,,.

IThe choice of factor 2 is based on an analogy between a BB-PLL
and A modulator not discussed further here. Reference [5] predicts
similar limit.
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Fig. 2. Illustration of cycle slipping and frequency acquisition during
pull-in process.

IV. ANALYSIS OF PULL-IN FREQUENCY RANGE

Pull-in frequency range is defined as the maximum
initial frequency offset, w, ¢, for which a PLL acquires
lock, generally after experiencing many cycle slips. To
guarantee locking, the frequency error, Nw;, — wout[k],
must reduce in each cycle slip in response to the phase
detector outputs [4]. If the frequency error remains con-
stant over successive cycle slipping periods, or increases
after a cycle slip period, the PLL will wander around an
intermediate metastable frequency [4].

Assume that a PLL has large enough positive fre-
quency error which causes a phase drift from —7 to
+m over several reference periods i.e. cycle slipping, as
shown in Fig. 2(a). When the phase error is positive, the
phase detector output is positive as shown in Fig. 2(b).
These positive pulses will push the phase error toward
zero. But, they will cause the frequency error to increase
rather than decrease since they are positive pulses. The
phase error will then drift below zero and the BBPD will
then produce negative pulses. As long as frequency error
is large enough, the phase error will keep decreasing,
though at a slower rate compared with positive phase
errors, toward —m where a cycle slip happens.

To quantify the pull-in range, denote the number of
up pulses in a cycle slipping period at the edge of pull-in
range as N, and the number of down pulses in a cycle
slipping period as Ng,,.

Assume that wy > Nw, which will cause a negative
phase shift in each reference period until it gets corrected
by the integral path. Also assume the initial phase error
is just slightly below 7, and so the initial output of the
phase detector is positive and stays positive for another



N, reference periods. Recall Eq. 7 to find the phase
shift due to the frequency correction of the integral path
over the next N, periods:

¢;[0] =0
oi[l] = ¢i[0] + Trw; = 1T w;
®i[2] = di1] + Trw; = 2T w;

Also, recall Eq. 14 to express the change in phase error
during these N, periods:

A(be[l] = —T,«woff — (bp — T,«wi
A¢e [2] = —dyWoff — ¢p - 2Trwi

A¢e [Nup] = _Trwoff - (bp - NupTrwi

At the end of Nf/; period, the frequency error increases
from wq to wo+ Nypw;. Once the phase error changes its
sign from positive to negative, then the phase detector
will produce negative pulses that move the frequency
error in the correct direction. In order to cause sign in-
version of the phase detector output, the sum of the phase

shift contribution of the positive pulses, ip Adek],
1
shall be in the neighborhood of —:

Ny, u u
SV Agelk] = = NupTrtwors — Nuptyp — etV o o g

Ny +1

; Trwi>%7r (15)

= Nup <Tr0~)off —+ d)p —+

The frequency/ phase correction by the integral path can
be ignored to approximate N,,,. This assumption is valid
since IV, is small at the edge of pull-in range and since
K; is usually < K, to maintain stability and to avoid
strong ringing in the step response.

™

Trwors + dp

Now, when there is a negative phase error for the
following Ny, periods, one can write

A¢e[Nup + 1] = _Tr(woff + Nupwi) + ¢p + Trw;
A¢e [Nup + 2] = _Tr(woff + Nupwi) + ¢p + 2T w;

Nyp = (16)

A(be[Nup + Ndn] = _Tr(woff + Nupwi) + ¢p + NanTrw;

From the last equation, it is obvious that the frequency
correction at the end of a cycle slipping period is merely
(Ngn, — Nyp)w;. To guarantee frequency acquisition,
Ngn > Nyp+1 to ensure the frequency error is reduced
by at least w; at the end of the cycle slipping period.
Otherwise, the frequency error will remain unchanged
and not converge to zero with time. Similar to the
phase shift by up pulses, the summation of the phase
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Fig. 3. Transient simulation of bang-bang PLL using time-based
behavioral model, when frequency offset is 2.5 MHz.
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shift contribution by down pulses,

SN NG (k] = ~NanTy (orf + Nugts) + Nany + N2t 4 e

By substituting N4, = N, + 1 in the above equation.
we get the following simplified form

Nyp — 2
(Nyp + 1) <Trwoff —¢p + —2—= ”2 Trwi> ~7 (17)

Adding Eq. 17 to Eq. 15 to get the total phase shift
during the first cycle slip:

(2Nup + D)Towosf — ¢p + (Nip

Assume that (N7, — 1)Tow; < ¢, (which is the case
when K; < K,/64) such that the effect of w; can be
ignored in Eq. 18. Now, substitute Eq. 16 into Eq. 18
27
Trwoff + ¢p
Rearranging Eq. 19 will result in quadratic equation in
terms of ¢, that is easy to solve

— )Tow; =27 (18)

+1} Trworf — ¢p =~ 21 (19)

Trwors ~ /(21 + ¢p)dp (20)
From Eq. 20, the pull-in range can be expressed as
Wosf (27 + ¢p)bp
Lin = & L 21
fpull in o fref o ( )




The pull in range formula can be simplified further
without losing accuracy by recalling that ¢, < 27 (as
required to achieve stability and low peak to peak jitter
performance).

f ) Nf /ﬁ:\/fredecoKpKPD
pull—in ref o o

Despite the simplicity of Eq.21 and Eq.22, they both
do not capture the effect of K; on pull-in range which
could underestimate it especially if K; is not very small
relative to K. To include this effect, substitute Eq. 16
into Eq. 18 without ignoring w;. This will lead to cubic
equation that can be solved for w, ¢

(22)

(Trwoff)3 + (¢p - T’wi)(TT’wOff)2

— (27 + ¢p + 2T w;)ppTrwos g

+ (P Tow; — ¢ — Trwids — 2m¢p) =0 (23)
The exact solution to Eq. 23 is not provided here but it
is plotted in Fig. 4. It is obvious that Eq. 21 and Eq. 23
are in general more accurate for high K,/ K, ratio.

V. ANALYSIS AND SIMULATION COMPARISON

The pull in range as defined in Eq. 21 and Eq. 23
is proportional to the square root of the loop gain.
This is similar to the conclusion presented in [6] but
Eq. 21 and Eq. 22 is at least 40% more accurate than
[6] when it compared with behavioral simulations in
MATLAB/ Simulink (example of these simulations is
shown in Fig. 3). Table I presents a comparison of pull-
in range (normalized to reference frequency) for different
combinations of K, and K;. Based on those results,
we notice that when K; = K, /300, Eq. 21 estimates
the pull-in range within +2% and when K; = K,/75
the estimation error increases to -7%. However, the
estimation error increases to -23% once Ki = K,/4.4.
Using Eq. 23, this error reduces to 16%.

VI. CONCLUSION

This paper investigates the operation of binary bang
bang PLLs in the far from lock region of operation.
By analyzing the cycle slipping behavior of second-
order PLLs in this region, a closed form is derived
to accurately predict PLL pull-in frequency range. The
same analysis can be extended to accurately estimate
locking time though it is outside the scope of this
paper. The analytical results are in good agreement with
simulation results and 40% more accurate than previous

work [6]. Our analysis tracks the change in phase error
during each reference period within the first cycle slip.

Pulling range (/f’e’ *100% )

o 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1

Normalized Integral path step (Kinm/fref *100%)

Fig. 4. Pull in range vs. different values of K; and K. Dashed lines
obtianed by Eq. 21, solid lines obtained by Eq. 23, and symbols are
based on simulations.

[ Kp | Ki || Sims | Eq.21 [ Eq.23 | [6] |
3 0.04 6.75% 6.26% 6.60% 4.43%
3 0.68 8.15% 6.26% 9.46% 4.66%
12 0.04 12.35% 12.59% 12.68% | 8.84%
12 0.68 13.75% 12.59% 13.94% | 8.86%
TABLE 1

THE LOCK-IN FREQUENCY BASED ON SIMULATION AND
PRESENTED THEORY VERSUS RESULTS FROM OTHER REFERENCES

On the other hand, [6] estimates change in phase error
on average and it evaluates pull-in range during the first
and the second half of cycle slip which results in higher
rounding error compared to our analysis.

Finally, Eq. 21 suggests the possibility of using a
quantized phase detector with dynamic gain, Kpp, that
varies according to the phase and frequency error. Such
detector will have higher pull-in range and faster locking
time, compared to BBPD, without affecting the steady
state performance during phase locking.
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