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Abstract: We present a closed-form expression for the small-signal
response of a depletion-mode ring modulator and verify it by measurement
results. Both electrical and optical behavior of micro-ring modulator as
well as the loss variation due to the index modulation is considered in the
derivation. This expression suggests that a ring modulator is a third-order
system with one real pole, one zero and a pair of complex-conjugate poles.
The exact positions of the poles/zero are given and shown to be dependent
upon parameters such as electrical bandwidth, coupling condition, optical
loss, and sign/value of laser detunings. We show that the location of zero
is different for positive and negative detuning, and therefore, the ring
modulator frequency response is asymmetric. We use the gain-bandwidth
product as a figure of merit and calculate it for various pole/zero locations.
We show that gain-bandwidth for the over-coupled ring modulator is
superior compared to other coupling conditions. Also, we show that the
gain-bandwidth product can be increased to a limit by increasing the
electrical bandwidth.
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1. Introduction

Optical interconnects are the great candidate to replace the electrical interconnects in the short
reach inter-chip and intra-chip communications. This is due to the fact that at high data rates,
copper links become lossy. Among various candidates of optical modulators in silicon photon-
ics links, carrier-depletion silicon ring modulators employing reverse-biased pn diode are the
most favorable [1-4] due to their small footprints, high bandwidth, CMOS compatibility, low
power consumption, and their suitability to wavelength division multiplexing (WDM) [5-7].
In order to optimally design carrier-depletion ring modulators in terms of power efficiency and
bandwidth, it is essential to gain a better understanding of the device performance and its design
trade-offs.

One of the most important performance metrics of a ring modulator is the small-signal
electro-optical frequency response. It was shown recently that the widely used empirical for-
mula relating the bandwidth of the ring modulator (f345) to its optical (fp) and electrical (fzc)
bandwidths (1/ /3,5 = 1//5+ 1/ fzc [8]) is not accurate because it neglects the impact of other
key parameters such as carrier wavelength and coupling condition [9, 10]. For example, when
the input is detuned from the resonance wavelength, a peak may appear in the elector-optical
response of the ring modulator before the roll-off. This effect has been shown to increase the
bandwidth of the ring modulators [9-11].
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Several studies on analyzing ring modulator small-signal frequency response were published
recently based on experimental and/or numerical results [9, 10, 12—16] and the design tradeoffs
of the ring modulator were investigated [9, 10, 12]. The bandwidth and DC modulation effi-
ciency (DC gain) of the ring modulator were extracted from the small-signal response [9,12,13]
as the important design parameters. However, a closed-form expression for electro-optical fre-
quency response of a ring modulator considering both electrical and optical characteristics as
well as the loss modulation accompanying the index modulation is missing to the best of our
knowledge. Laser detuning has been optimized based on the DC gain previously [9, 10, 12],
however, the widely used gain-bandwidth product (GBW) in electronics is a more appropri-
ate figure of merit (FOM) for ring modulators. This is because it includes both ring modulator
performance metrics of DC gain and bandwidth. GBW was considered in [17] as a FOM, but
limited analysis was presented.

In this paper, we report a closed-form frequency response model of a carrier-depletion ring
modulators. The model is verified by the measurement results. We show that for a non-zero
detuning, the ring modulator electro-optical transfer function in the small-signal domain is a
third-order system with one real pole, one zero, and a pair of complex-conjugate poles. This
modeling allows us to assess the response of the ring modulator based on the pole/zero locations
which depend on electrical bandwidth, coupling condition, optical loss, and laser detuning.
Through such a modeling, we show that the asymmetric frequency response of the ring mod-
ulator arises from the different zero locations. At various pole/zero locations, GBW is found
as a ring modulator performance metric where an optimum laser detuning is obtained based on
the maximum GBW. An expression for f3,5 and GBW are also obtained for a critical coupling
condition assuming large fzc. We also assess the frequency response at zero detuning and show
that it is coupling-condition dependent.

2. Small-signal modeling of a ring modulator

In this section, we aim to obtain a complete small-signal transfer function of a depletion mode
intracavity modulated microring. Driving a ring modulator with the small sinusoidal voltage
of Vi, (t) = Vin cos(@y,t) in addition to the DC voltage of Vpc, the input voltage, vi,(f), can be
written as v;, (1) = Vpc + Re(Vi,e/®n'). Here, V;, is the small-signal phasor which is equal to
amplitude of V;, and @, is modulation angular frequency. Under the small-signal assumptions,
in response to this stimulus, the output optical power P, (¢) oscillates at @,,. The output power
is equal to Ppc + Poys os(@Wpt + @) = Ppc + Re(ﬁout e/ C"mi ) where Ppc is the DC optical power,
¢, is the phase delay with respect to drive voltage, and F,,; is a complex small-signal phasor.
The total small-signal transfer function of a ring modulator, H,(,,), is defined as [18]:

Hi(aom) = T2 M

in

To obtain H;(®,,), the response of the ring modulator to a small-signal driving voltage can
be divided into three parts of electrical (Hg(w,,)), electro-optical (Hg o), and optical (Ho(w,,))
responses as shown in Fig. 1. The small-signal equivalent circuit of a ring modulator [1] is
shown in Fig. 1 and it includes Cp,q, C;, and C,, as the capacitance between the pads through the
top dielectrics, the capacitance of the reverse-biased pn junction, and the capacitance through
the oxide layer, respectively. Also, R;,, R;, and Rg; are the input resistor, the series resistance
of the pn junction, and the resistance of the Si substrate. The electrical response of a ring
modulator can be modeled as a low pass filter by its dominant pole as:

1

- . 2
[T jomReCog @)

HE(wm)
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The filtered AC voltage across the pn junction (Fig. 1), v;(¢) is:
Vi (0) = Vin | Hg (0n)| cos(@nt + dpe (Om)), 3)

where @ is the phase delay caused by the electrical circuit model of a ring modulator.

As illustrated in Fig. 1, due to the voltage-dependent effective index and electric field decay
time constant, both the resonance angular frequency, @,, and the shape of the ring modulator
optical transmission spectrum are modulated. The effective index and the decay time constant
modulations can be lumped together as @, (¢) = Q, cos(@yut + Oprr (), where Q, is a complex
number equal to 75, X |Hg ()| x Hgo, and Hgg is:

—o, 9n 2(1/7)

Hpo= e/ ‘ . 4
Fo (ng 3 [Vpe +J 3 Ve “4)

Here, ng is the group index, n.ss is the effective refractive index, and 7 is the electric field
amplitude decay time constant.

() = (1) = Pou () =
Vjcos(wpt + @yg) Q, cos(wpt + Qyp) 1 Pout €OS(@mt + @)

Vi (t) =
Vin cos(wy,t)
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Fig. 1. Ring modulator small-signal block diagram.

So far, we have modeled Hr and Hgo. Instead of calculating the third transfer function
(Fig. 1), Hp, we use the coupled mode theory [19,20] to first find P, and subsequently H;(®y,).
From coupled mode theory, the optical behavior of microring can be modeled using the follow-
ing Eqgs:

da ) 1 .
E_(]wr_;)a_]uSh (5a)
S =8;— jua, (5b)

where « is the energy amplitude circulating inside the ring and 1/7 = 1/7,+ 1/7;, with 7, and
T, being the amplitude decay time constants due to the intrinsic loss inside the cavity and due
to the ring to bus waveguide coupling, respectively. Also, S; and S; are the CW input and time
varying transmitted waves, and u is the mutual coupling coefficient between the ring and the
bus waveguide which is related to 7, through u? = 2/7,. In the steady state domain and for
a harmonic input of S; = S;pe/®»’, where @y, is the carrier angular frequency, a and S, can be
calculated from Eq. (5a) and (5b). Considering a = age/®’ and S; = S;0e/®* , we have:

—Ju

ap=——=Si0
JA®+ %
. 6
jAo+l-2 ©
S = <,
10 A 1 05

JA®+
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where Ao = w;, — @,

In the dynamic small-signal domain where we have @, + @, (¢), the energy amplitude a will
change by a small amount of da. As shown in [10], first order perturbation theory can be used
to find 8a from Eq. (5a). Then, from a + 8a, S; can be obtained using Eq. (5b) and from |S;|?,
output power can be calculated. Using this approach and assuming Q, cos( ¢ + ¢pg(0,)) =
% (ej(¢HE+a)rnt) + e_j((PHE"'wmt)), pout is found to be:

QraOSt*() Q;‘aE;S,o
Ltjdo+aon) 1—jAo— o)

pom — ’ueNHE (7)

By substituting ag and Sy from Eq. (6) into Eq. (7) and after some manipulation, we atrive at:

jon(tan(go,) (L — L)~ A0) ~ 222 —tan(gg, ) (Aw® ~ L(L — L))
— 02+ 2(jon) +A0? + %

R 2u?P,e/%E Re(Q,)
Pout = 1 >
) +Aw

®)

where P, = |Slz| and @q, is the phase of Q,.. The ring modulator transfer function, #; (®,,), can
now be found directly from Eq. (8) by replacing Q, with ¥;, x |Hg (®,,)| x Hgo and dividing
P, by V. Having tan(Q,) = tan(¢yro), where ¢yro is the phase of Hgp in Eq. (4), H; ()
is found as:

252 +an(9pp0) (A’ — 1 (3~ 7))

a . . T]
H(a) = 2U"Pin(— ng : fflVDc (tan(¢HEO)(_ - _e) Aw) JOm = an(9rr£0) (3~ ;) Ao
! - TL+A 1+ j@nRegCeq —02+3(jon) + A0 + %
)
The transfer function in Eq. (9) can be written in s-domain (j@,, — s) as:
1 (—S+1)w?
Hi(s)=G Z 10
) Ty = |22l o+ o (10)
ReqCeq
where @, = /A®? + 1_12, {=1/\/1+4(tAw)?2, and the DC gain ,Gpc = H,(0), is:
2P (22 1) A 11
Gpc = £ 2— +t Aw? — = (= ——=))). 11
pC o ( o T an(¢reo)( ~( P Te))) (11)

Based on the small-signal transfer function of a ring modulator in Eq. (10), for non-zero detun-
ing, ring modulator is a third-order system with a complex-conjugate pole pair, one real pole,
and a real zero at the following locations:

|
P12 = —; :EJAO),

1
p3=—
RegCeq’ (12)
A 2 1,1 1
252 +tan(npo) (Ao — (5 — 7))
- 1 1
tan(9reo) (7 — ) —Aw
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Fig. 2. (a) Pole-zero diagram of a ring modulator. Location of zero divided by —2/1; (b)
versus AwT, excluding Aot = 0, for three coupling conditions (¢) versus 7,/17; at AT =
+2.

A pole-zero diagram of H,(w,,) is shown in Fig. 2(a). As illustrated in the figure, the real
and imaginary parts of p; » depend on the photon life time and the value of the laser detuning,
respectively. However, as expected from Eq. (12), the location of the zero is more complicated.
The arrow close to —2/7; in Fig. 2(a) indicates that the location of z is in the vicinity of —2/1;,
where the distance depends on the coupling condition and on the value/sign of the laser detun-
ing. To make this more clear, z/(—2/1;) is plotted in Fig. 2(b) versus Ao, excluding Awt =0,
for three cases of strong over-coupled, 7, = 0.17;, critical-coupled, 7, = 7;, and strong under-
coupled, 7, = 107, ring modulator. The ring modulator response at Aw = 0 will be discussed
later in the paper. The zoomed-in view is also shown in inset of Fig. 2(b). Here, we assume to
have 7; = 80ps and tan(¢yro) = 0.04. In case of both under- and over-coupled rings, because
of the term in the denominator of the zero shown in Eq. (12), z approaches infinity as A be-
comes equal to tan(¢gro)(1/7 — 1/7.). Also, as shown, in the over-coupled case, z is farther
from —2 /7, compared with the critical- and the under-coupled cases. To see the dependency of
the z location on the coupling condition, z is calculated as a function of 7,/7; at Aw = +2/7
and plotted in Fig. 2(c). This detuning is equal to the resonator linewidth. For large detuning,
Ao >>tan(9yro)(1/7 — 1/1.), z can be written as:

-2 tan(¢rEo)
T Aw (Ao r(rg Te))' (13)
As (1/1 — 1/7,) is negative for over coupling condition, 0 for critical coupling condition,
and positive for under coupling condition, deviation of z from —2/17; increases by moving
towards under-coupling condition. Another important point from Fig. 2(c) is that the location
of zero depends on the sign of laser detuning. According to Fig. 2(c), moving from under
coupling condition to deep over coupling condition leads to farther zero locations for positive
and negative detuning. Consequently, from the transfer function point of view, it is clear that the
frequency response of the ring modulator will be different depending on the sign of the detuning
where this difference becomes more significant going towards over-coupling condition. The
different frequency response for positive and negative detunings was expected based on the
asymmetric side-band generation [10].
It can also be seen from Eq. (9) and (10) that when Aw = 0, H;(s) becomes:

- J eff
_2“23"(% 7(;‘)// |VDC) tan(‘l)HEO)(l - l)

1
Hi(s) a0 = 1= (14)
() 1 o 1+
T ReqCeq T
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Fig. 3. DC gain for three coupling conditions versus A@wT.

which is a second order system with two real poles at —1/R¢,Ceq and —1/7 when 1 # 7.

Normalized absolute value of DC gain (Eq. 11) is plotted versus Aw7 in Fig. 3 for three
aforementioned coupling conditions when 7; = 80ps and tan(¢yro) = 0.04. Based on this fig-
ure, the DC gain becomes very small for detunings close to zero. However, as shown in Fig. 3,
when 7, # 1;, Gpc minimum shifts from Aw = 0 to positive and negative detunings for under-
and over-coupled cases, respectively. The DC gain minimum shift is larger for the over-coupled
case compared with the under-coupled case. According to Fig. 3 and Eq. (11), in contrary to
what was reported in [9], only for critically-coupled ring modulator, 7; = 7., the small-signal
modulation is zero at Aw = 0. The fact that tan(¢ygo) is non-zero in Eq. (11), due to the loss
modulation accompanying the index modulation, results in a non-zero small-signal modulation
at zero detuning for over- and under-coupled rings. Also, this results in the coupling-condition
dependent Gpc maximum locations, as can be seen from Fig. 3.

3. Verification of the small-signal model

To verify the closed-form small-signal transfer function in the previous section, we characterize
an all-pass ring modulator fabricated in IME A*Star process [21]. The cross section of the
ring modulator waveguide in the high speed section and an optical microscope image of the
fabricated device are shown in Figs. 4(a) and 4(b), respectively. The device is implemented on a
220nm Si on a 2um buried oxide layer. The nominal doping concentration for low doped region
inside the waveguide is 3 x 10'7¢m 3 fornand 5 x 10'7¢m 3 for p, and for high-doped region is
102°cm 3. The pn junction is positioned with 50nm offset with regards to the waveguide center.
The lateral pn junction is taking 75% of the ring circumference and is not covering the coupling
region. Radius of the ring is 10um, waveguide width is 500nm, and gap between the ring and
the bus waveguide is 350nm. Transmission spectra at through ports of the ring modulator are
shown in Fig. 5(a) under reverse bias voltages of 0.5, 0, -0.5,-1, and -2V applied to the RF
pads. Optical power loss, t(7), and through coupling coefficient, #, are extracted from the
measured spectra at various bias voltages based on the method presented in [22]. Figure 5(b)
shows the extracted Aot in dB/cm versus voltage. From the extracted coupling coefficient and
the voltage-dependent power loss coefficient in 1/m, 7; and 7, are calculated [20]:

S 2
! vgou(v)’
(15)
_ _ 2L
e = R
VoK
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© 90 nm

Fig. 4. (a) Cross section of the ring modulator waveguide in the active region. (b) Optical
microscope image of the fabricated ring modulator.

where vy is the group velocity, & is the cross coupling coefficient (v/1—1¢2), and L, is the
round-trip length. Also, n,, was extracted to be ~3.9. As the coupling region in the ring is not
pn-doped, the change in 7, by varying voltage is insignificant.

From Eq. (15), 1; is calculated as a function of voltage and is fitted to a cubic polynomial. 7;
and 7, are found to be 82.2ps and 65.3ps, respectively, at Vpc = 1.5V. Having 7, < 7; shows
that the ring is over-coupled as it was expected from notch depth-bias voltage dependency in
Fig. 5(a). Also, 1/ U |Voc is calculated to be —2.7 x 10% 1/s/V. Moreover, extracted n.s as
a function of Voltage is plotted in Fig. 5(c) together with the fitted quadratic curve with Eq

shown in the figure. From this, a%vﬁ 1,c 18 calculated to be 2.35 x 107> 1/ Quality factor
of the ring is about 22,200 at Vpc. In the small-signal circuit model, R;, is taken to be 50Q,

. 0 0.5r0 5X 10 5
€ Ang = -2.2-006"V2 + 3e-005"V - 2¢-006
Q-5
2 =
810 §09 -
o ] o c® 0
& 15 heg a
o 305 ° o Measured data
£ o0 B — quadratic
[®)
. -5
1545 1545.05 1545.1 1545.15 1—0.5 0 05 1 15 2 -1 0 1 2
Wavelength (nm) Reverse Bias Voltage (V) Reverse Bias voltage (V)
(a) (b) (c)

Fig. 5. (a) Measured optical power transmission spectra (resolution of 2.5 x 10~*nm) at
various bias voltages . Extracted (b) Ao and (c) An,rr from the measured spectra shown in

(a).

and C; and R; are calculated based on the methods presented in [16] to be 11{F and 160Q.
The calculated value for C; closely matches the measured junction capacitance in [23] which
is fabricated in the same foundry and has the same waveguide doping and geometry as here.
The R} is also calculated based on the measured sheet resistance in [23]. Other circuit elements
(Cpad> Rsi, and Cyy) which are less important are assumed to be the same as [15] which has
similar waveguide cross section and metal. Based on these values, the electrical bandwidth of
the ring modulator, fzc = 1/27R.Cy. is found to be 61.5GHz which is around 7 higher than
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the optical bandwidth of fp = 8.7GHz for this measured device.
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Fig. 6. Measured and simulated small-signal (a) electro-optical response versus modulation
frequency, f,, (b) 3dB bandwidth of the reverse-biased ring modulator.

Substituting these parameters in Eq. (9), we simulated the electro-optical response of the ring
modulator at various laser detunings. The results for three laser detunings of 27 (—1.25GHz),
27(—2.5GHz), and 2n(—5GHz) are shown in Fig. 6(a). Frequency response of the ring mod-
ulator is also measured using a 40Gbps InP waveguide photodetector and a transimpedance
amplifier (TIA) photoreceiver referenced to a vector network analyzer (VNA) output. The
measurement results are also shown in Fig. 6(a) in circles which shows that our model is
in excellent agreement with the measurement results. All the curves are normalized with re-
spect to their DC values (200MHz). Figure 6(a) clearly illustrates the detuning-dependent fre-
quency response of the ring modulator. The observed peak in the frequency response occurs
due to the constructive interference between the frequency detuned through-coupled input laser
and the cross coupled light preexisting inside ring resonator and oscillating at its natural fre-
quency [9-11]. Also, 3dB bandwidth, f3,5, calculated from our small-signal model is plotted in
Fig. 6(b) together with the measured f3,5 at several detunings (circles). As shown in [9-11,14],
by increasing laser detuning, the device bandwidth increases due to the aforementioned peaking
effect.

Due to their compact nature, any small changes in the ring modulators may lead to vast
changes in the device performance. Cross wafer characterization of the silicon photonics com-
ponents including ring modulator fabricated in this technology were studied earlier [24]. For
every tested device, the required parameters for the frequency response modeling need to be
extracted from DC measurements. We have tested the developed model at multiple design vari-
ations to confirm the model accuracy by way of comparing it to experimental results. However,
for the sake of consistency and brevity of the current manuscript, such results will be presented
elsewhere.

4. Gain-bandwidth product as a figure of merit

The small-signal transfer function of the ring modulator in Eq. (9) can be further simplified by

neglecting the loss modulation, as for a typical SOI process we have ggg:% << 1[10]. Based
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on this assumption, the transfer function in the s-domain can be written as:

1 (++ 10}
H,(s)=G i , 16
((s) P == |22l ops + ? (16)

ReqCeq
where Gpc becomes:
on

262 P (=5 e JA® o

Gpe= ——— e = (17)

(Aw?+ 5)? 7

The laser detuning which maximizes the DC gain can be calculated by setting %i%c =0.

Based on this, at Aw = 1/(v/37), DC gain is maximized. This is similar to what was shown
in [9,10]. Also, it can be seen from Eq. (17) that at critical coupling (7, = 7;) and for a constant
Awt, Gpc is proportional to 72. This can be qualitatively justified as follows: at the same
AwT, a transmission spectrum of the ring with higher quality factor, or 7, has higher slope, and
consequently higher Gpc.

The ring 3dB bandwidth can be calculated by setting |H(w,,)| equal to Gpc/+/2 in Eq. (16).
In the case when 1/RCeq >> 1/7 and at critical coupling, f343 is calculated to be:

1
S3aB = z—m\/SAoﬂrz F AT+ V14 2A02 72 + 10A0* T4 + 6A0OTO + A3 T8, (18)

According to Eq. 18, for a constant Aw7, f345 is proportional to 1/7 and consequently fp, given
that fo = 1/mt. This comes from the earlier assumption of 1/R.,Ce, >> 1/7 which neglects
the bandwidth limitation arises from fgc. For the special case of Awt = 1, which represents a
detuning equal to the half of the resonator linewidth, f3,z will be around 1.4 x fp.

Here, we use the gain-bandwidth product, GBW = Gpc X f345, as a FOM. For the simplified
case considered here, GBW is calculated from Eq. 17 and 18 to be:

AT
GBW =KTt—5—5— \/3Aa)27:2 + AT+ V1 +2A0272 + 10A0* T4 + 6A®OT6 + AwdT8
(Aw?7*+1)
(19)

where K = 2;1213,-,,%8—3‘?%0 Also, as expected from Gpc and f3,;5 formulas, GBW is pro-
portional to t. Hence, at the same A7, the critically coupled ring with higher quality factor
has higher GBW.

In order to see the effect of detuning on DC gain, bandwidth, and GBW, Aw is swept while
the rest of the parameters are kept constant. Normalized Gpc, f345, and GBW are plotted in
Fig. 7 versus Aw7. In this figure, only positive detunings are shown as the plots are symmetric
around Aw = 0 due to the no loss modulation assumption. According to Fig. 7 top, increasing
Ao beyond 1/(1/37) to increase the bandwidth introduces a trade-off between Gpc and f343
as was observed previously in [9, 12]. Figure 7 bottom shows that the product of Gpc and f343
(FOM) reaches its maximum value when A® = 1.129/7.

The closed-form GBW formula (Eq. (19)) for the simplified case helps develop an under-
standing of the ring modulator small signal behavior. However, obtaining such a formula with
loss modulation, electrical bandwidth limitation, and for other coupling conditions is more com-
plicated. Therefore, in the following section, we will study GBW numerically using Eq. (10) as
a means to study the ring modulator frequency response.
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Fig. 7. Normalized Gpc, f34p, and GBW versus A@7 for a constant 7.

5. Effect of pole/zero locations on ring modulator gain-bandwidth product

We now study the effect of the ring modulator electrical behavior on GBW based on the small-
signal transfer function. This is examined by sweeping Ro;Cey in Eq. (10), so that fzc be equal
to m X fp, m an integer value. The pole-zero diagram is shown in Fig. 8(a) where locations
of the poles/zero are indicated based on fp and fzc when 7; = 7, = 80ps. Figure 8(b) shows
GBW for several fzc values versus Awt. It is clearly shown that increasing fzc will result in
increasing GBW. However, the rate saturates as fpc increases above a certain value. To observe
this effect more clearly, maximum GBW for both positive and negative detunings are plotted
versus frc/fo in Fig. 8(c). The plots show that up to frc/fo = 3 both curves initially rise
rapidly but then the rate decreases beyond this value and almost saturates at fzc/fo > 11.
This occurs as for such large values of fzc, p3 is far apart from p; ; and z, and therefore, its
effect becomes almost insignificant. Figure 8(d) shows the plot of (A®T),.y corresponding to
the GBW maximums for both positive and negative detunings versus frc/fp. According to this
figure, (AWT)yax also varies depending on ps3 location. For large fzc (frc/fo = 100), (A@T)max
becomes 1.134 for positive and 1.119 for negative detunings. These values are slightly different
from the predicted value of 1.129 obtained from Fig. 7 (bottom), as we had neglected the loss
modulation in obtaining the simplified GBW in Eq. (19).

It is well known that there is a trade off between bandwidth and DC gain (e.g. see Fig. 7).
The amount of penalty in DC gain caused by varying the laser detuning is defined as Gpc
divided by its maximum value achieved among all the detunings [9]. It is shown in [9] that
increasing fzc increases the trade-off efficiency between bandwidth and DC gain penalty. To
study this further, f345/fp versus Gpc penalty is plotted in Fig. 9(a). This figure shows the
predicted increase in trade-off efficiency, however, there is a saturation point beyond which,
trade-off efficiency does not increase significantly. To make this more clear, slopes of these
curves, obtained by fitting a line to each, are calculated and plotted in Fig. 9(b) as a trade off
coefficient versus frc/fo for both positive and negative detunings. As shown, the saturation
point of frc/fo ~ 11, observed in Fig. 8(c), is also clearly observable here. Also, according
to Fig. 9(b), positive detuning, in this case of the critical coupling, reaches higher trade off
coefficient compared with the negative detunings. Although here we assumed critical coupling
condition, the result is the same for over- and under-coupling (e.g. in [9] the ring modulator
was assumed to be under-coupled).
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Fig. 8. (a) Pole-zero diagram of a ring modulator. Simulated (b) GBW versus Aw7 for
several fpc (c) GBW maxima versus frc/fo (d) AwT corresponding to the GBW maxima

versus frc/ fo-

Here, we assumed that the variation of the ring modulator electrical bandwidth (p3 location)
does not affect the other poles and zero locations. However, improvement of fzc may come at
the cost of excess optical loss which leads to variation of the entire pole-zero diagram. There-
fore, depending on the selected fzc improvement method, variation of pj ; and z may need to
be taken into account.
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Fig. 9. (a) Simulated f345/fo versus DC gain penalty for several fzc. (b) Trade-off coef-
ficient, defined as the slope of the lines fitted to f345/fp versus DC gain penalty curves,
versus frc/ fo for both positive and negative detunings.

Next, we study the effect of coupling condition on the ring modulator frequency response.
This is done by varying 7, and keeping 7; constant. This can be translated to various p; and p»
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locations with regards to z. First, we consider three cases of 7, = 7;/2 (over-coupled), 7, = 7
(critical-coupled), and 7, = 27; (under-coupled) as shown in Fig. 10(a). For simplicity, the lo-
cations of z are shown to be at —2/7; and insensitive to the coupling condition as for this range
of 7,/ 7; the walk-off is small (Fig. 2(c)). Here, it is assumed that fzc = 12 x fp and 7; = 80ps
for three cases studied here. As such, p;3 is equal to —24/7 as shown in Fig. 10(a), and from left
to right we have [Re(pi2)| > |z|, |[Re(pi2)| = |z], |Re(pi2)] < |z, respectively. Figure 10(b)
shows Bode plots of each case presented in Fig. 10(a), ignoring the third pole as it is located
far from other poles and zero. It is well known that when there is no resonant peaking, Bode
plot describes frequency response of a system with a pair of complex-conjugate poles more
accurately. This requires { > 0.707 and therefore [A@t| < 1. In this regime, it is easier to qual-
itatively describe the frequency response and compare the three aforementioned cases. Also,
considering the poles/zero configurations in Fig. 10(a) and given that 7; is the same in the three
examples, it is clear that m,; > ®,» > ®,3 for the same Aw. Here, indices 1, 2, and 3 are cor-
responding to over-, critical-, and under-coupled cases. According to Fig. 10(b), in the case of
T, = 1;/2 where z < @,], as the input frequency approaches z, the frequency response magni-
tude starts increasing at a rate of 20dB/dec until @, where the frequency response amplitude
start falling at a rate of -20dB/dec. For 1, = 7; where z = @,;, the magnitude rolls-off at the
rate of -20dB/dec at input frequency equal to z and onward. When 7, = 275, i.e. z > @3, the
magnitude rolls off at a rate of -40dB/dec at @,3 until input frequency reaches z after which
the rate becomes -20dB/dec. Consequently, it is clear from Bode plots in Fig. 10(b) that f3,5 is
higher for 7, = 1;/2 compared with the other two cases.

(a)

T, -
1= EI =T T.=27,
Im Im Im
AU) x ............ A(J) x ....... AU_)
-2/ 2/
* 0 — 0 — 6-
224/t -1/t Re .24/t -1/t Re 24/t -1/t Re
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=20 20 ~20 dB/dec
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Fig. 10. (a) Pole-zero diagrams of the ring modulator when p3 = —24/7 and from left
to right 7. = 1;/2, 1. = 1;, and 7, = 27;. (b) corresponding Bode plots of the pole-zero
diagrams shown in (a).

Breaking the assumption of { > 0.707 and sweeping Aw, f345 of the ring modulators with
zero-pole diagrams shown in Fig. 10(a) are calculated from our model and are plotted in
Fig. 11(a). As shown, the prediction based on the Bode plots in Fig. 10(b) is also valid when
£ < 0.707. This figure also shows that the rate of change in f3;5 as a function of [A®| is
higher for 1, = 7;/2 than 1, = 7; and 7, = 27;. It has been shown that moving toward un-
der coupling condition results in increasing DC gain [9]. However, GBW plots versus AwT
shown in Fig. 11(b) suggest that GBW is higher for over-coupled ring than both critical- and
under-coupled rings. Also, according to Fig. 11(b), contrary to the assumption made in [17],
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the location of peak is also shifting by changing the coupling condition.
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Fig. 11. (a) Ring modulator 3dB bandwidth (b) GBW versus AwT when 7; = 80ps and 7,
is equal to 7;/2, 17, and 27;. (¢) Laser detunings corresponding to the maximum GBW at
positive detunings (d) GBW maximum versus 7./ 1; for 7, = 80ps.

This is further investigated by sweeping 7. /7; and simulating GBW. The 7, /17, range is taken
to start from 0.3 to make sure the location of zero stays close to —2/1; (Fig. 10(c)) as our focus
here is to study the location variation of the complex-conjugate pole pair only. The optimum
laser detuning corresponding to the GBW maximum at positive detunings is plotted versus
T./7; which shows that moving from under- to over-coupling condition results in decreasing
optimum laser detuning. The GBW at this optimum detuning is illustrated in Fig. 11(d). The
figure suggests a monotonous decay in GBWmax in the selected range of 7. /1, as poles move
toward z and closer to the imaginary axis. Consequently, higher GBW is achievable for over-
coupled ring modulator.

Although GBW is a metric for the small signal frequency response of the ring modulator,
other performance metrics should also be considered when choosing the laser detuning. For
example, extinction ratio and insertion loss are also dependent on the laser detuning. Despite
the high GBW for deep over-coupled ring modulator, the maximum achievable extinction ratio
decreases significantly which is not desirable for various applications.

6. Conclusion

In this paper, a closed-form formula was presented for the ring modulator small-signal response.
The derived model was verified using experimental results for a sample ring modulator. From
this small-signal transfer function, the locations of three poles and a zero were obtained. The
locations of poles and zero were shown to vary with the parameters such as electrical band-
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width, coupling condition, optical loss, sign/value of laser detunings. The response of the ring
modulator and the defined FOM variation over several pole-zero diagrams were simulated and
discussed. Developing such a closed-form transfer function allowed us to analyze the ring mod-
ulator small-signal behavior based on pole-zero locations. Through this approach, it was shown
that over-coupled ring modulators can be generally more favorable as they provide better GBW
product.
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