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Process Variation and Pelgrom’s Law
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Welcome to “Circuit Intuitions!” This is the = =

fourth article of a column series that appears
regularly in this magazine. As the title suggests,
each article provides insights and intuitions
into circuit design and analysis. These articles
are aimed at undergraduate students but may

where we assume by €{0,1}. Accord-
ingly, a “1” contributes fully to the out-
put current whereas
a “0” contributes no

where u, is the electron mobility,
Cox is the gate capacitance per unit
area, Vrm is the threshold voltage of
the transistor, and W and L are the
width and the length of the transis-

tor, respectively. In

the above equation,

serve the interests of other readers as well. If
you read this article, | would appreciate your
comments and feedback, as well as your re-
quests and suggestions for future articles in this
series. Please send your e-mails to ali@ece.
utoronto.ca.

The past three articles were related
to the small-signal operation of MOS
circuits. In this article, we step back
and look at dc operation of a simple
current mirror and how the process
variation can affect the accuracy of
the currents produced. We review this
through a simplified design of a cur-
rent-based digital to analog converter
(also known as IDAC).

Figure 1 shows a simplified dia-
gram of an IDAC that includes a cur-
rent mirror and ideal switches. The
current mirror consists of a reference
current, Irer, that feeds into a diode-
connected transistor, Mo, and sev-
eral identical mirroring branches (M;
to My). Under ideal conditions, i.e.,
when M, to My are perfectly matched
(and have the same Vps), all the branch
currents (I, to Iy) are equal to the
reference current. These currents can
then be added selectively based on a
thermometer-coded digit (b1 to bn) to
produce the output current:
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current to the out-
put. This equation
shows that the out-
put current is equal
to the reference cur-
rent scaled by the
sum of the thermom-
eter-coded bits.

In this article, we
step back and look
at de¢ operation of a

simple current mirror

and how the process
variation can affect
the accuracy of the
currents produced.

we have assumed a
square-law relation-
ship between the
drain current and
(Ves— V), but the
arguments we put
forward in the rest
of this article are

In reality, due to
process variation, I
to In do not match with I and
with each other. This will cause the
output current to deviate from its
ideal value. Let us briefly review the
process variations that cause mis-
match in the currents.

The current of an NMOS tran-
sistor in saturation region can be
approximated by

Ips = ,Unzcox

%(Vcs— Vrn)?,

also applicable if we

assume a linear rela-
tionship, which is the case in modern
CMOS processes.

This equation clearly indicates
that the drain current is a function of
three variables: u»Cox, Vr, and W/L.
If, for example, we assume g, Cox =
600 UA/VZ, Vr= 0.3V, Ves= 0.5V,
and W/L =75, then Ips= 70 pA; how-
ever, when the chip is fabricated,
these variables may turn out to be
slightly different than what was
originally intended. As a result, two
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FIGURE 1: A simplified diagram of a current DAC (IDAC).
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adjacent transistors with the same
W/L may exhibit, for example, a
5-mV difference in their threshold
voltages. This threshold variation,
or threshold mismatch, will result
in a difference AI between the two
currents that is 5% of their nominal
value. In other words, AI/I=0.05.
In general, we treat u,Cox, Vr, and
W/L as random variables. Let us now
focus on the effects of Vr variations
while we assume the other two vari-
ables have no variation.

How could we reduce the variation
of Vr so as to reduce the variation
in the current without introducing
changes to the underlying technology?

It was shown in a seminal paper
by Pelgrom et al. in 1989 [1] that, in
any given MOS technology, the vari-
ance of Vr among adjacent transistors
reduces inversely with the gate area.
This is known as Pelgrom’s law:

2
otr= S

where Ayr is a constant that depends
only on the process. Since the
threshold mismatch between two
adjacent transistors, AVr, is the dif-
ference between two random vari-
ables, i.e., AVr=Vn—Vp, we can
also write Pelgrom’s law as follows:
Afr

WL~

2 2 2
OAVT = OVT1 +O0VT2 =

Note that this equation holds if we
assume Vp and Vp, are identical and
independent.

We now apply Pelgrom’s law to our
example. Assume the initial oavr is
6 mV. If we multiply W by a factor of
four while keeping L constant, oavr
will be reduced by a factor of two,
implying a tighter distribution (or
less variation) among the threshold
voltages of adjacent transistors. Let
us see if this makes intuitive sense.

Assume a transistor with the gate
area of WL has a threshold voltage
V1, where Vrx is a random variable
with an expected value of uvr and a
variance of oér. As shown in Figure 2,
if we put N such transistors in parallel,
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FIGURE 2: An NW/L transistor exhibits a threshold voltage with the same expected value as
that of a smaller W/L transistor. The variance of the threshold voltage, however, is N times

smaller in the larger transistor.

each with a Vr having the same sta-
tistics (i.e., having the same average
and variance), we are effectively creat-
ing a transistor with NW as its width
and L as its length.
The threshold volt-
age of the parallel
combination  (Vreq)
is expected to be
the average of the
individual threshold
voltages. In other
words, we can write:

Pelgrom’s law states
that the threshold
mismatch between
fwo adjacent
identically drawn
transistors reduces
inversely with

the gate area.

1 N
VTeq = W Z VTk-
k=1

Vreq is now a new random vari-
able with the following properties:

HvTeq = UVT
2 1 o
OVTeq = WO-VTy

where we have assumed the Vs
are independent. This equation sim-
ply states that when we average N
identical, independent random vari-
ables, the variations of the average
is lower than the variations of the
individual variables.

In the example of the current
DAC, we usually begin our design by
assuming a fixed power budget and a
fixed overdrive voltage (Vgs— Vin).
This will in turn dictate a fixed current,
Irer, and a fixed W/L for the transis-
tors. If it were not for the variation,
we could simply choose the minimum
L and accordingly find the proper W.
However, to reduce the variation among
the currents in different branches, we
will increase both W and L by the same
factor so as to maintain the original
W/L (and hence the original overdrive
voltage) while reducing the mismatch
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according to Pelgrom’s law. This will of
course increase the area and the load
capacitance of the IDAC, but that is the
price we pay to average out (reduce) the
variation among the
output currents!

We now return to
the other two random
variables affecting
the current: wnCox
and W/L. Interest-
ingly, Pelgrom’s law
[1] also applies to
these random vari-
ables: the variations
in these two vari-
ables are also reduced by increasing
WL in the same way.

In conclusion, Pelgrom’s law states
that the threshold (or other process-
related) mismatch between two adjacent
identically drawn transistors reduces
inversely with the gate area. While we
choose W/L of transistors to achieve a
target bandwidth and power, we choose
WL to maintain accuracy in the face of
process variation and mismatch.
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