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Lemma 2.1 Suppose C is the optimal code for S, p1,ps and [y, la are the probabilities and
code lengths of messages s1 and sa, respectively. Then py = pa = 1 < [o.

Proof. Suppose p1 = po and [1 = ls, we swap the code words for 51 and s9, and get a new code
C". The length of C"is [,(C") = l.(C)+pi(la—l1 ) +pa(li—l2) = l(C)+(p1—p2)(lo—11) < 1.(C).
This contradicts the optimality of code C. =

Lemma 2.2 Without loss of generality, the two messages of smallest probability occur as
siblings in the code tree for an optimal code.

Proof. Given the code tree for an optimal code, we will show that it can always be moditied
without increasing the average code length so that the two smallest probability nodes are
siblings. From Lemma 2.1, the smallest probability node must occur at the largest depth
i the code tree. Note that the sibling of this node 1s also at the same depth. Now the
sibling can be swapped with the second smallest probability node to obtain a code tree of
the desired structure. This transformation does not increase the average code length. =
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4.2 Finding the Max in O(1) time

Recall that the common CRCW PRAM allows several processors to write to the same memory location, as
long as they all write the same value.

Theorem 1 We can find the maz of n elements in O(1) time on a common CRCW PRAM with n® proces-
sors.

To show this, assume that we have n?/2 processors, and let m be an auxiliary boolean array of size n.

Step 1. Fori=1,...,m, set m[i] := true.
Step 2. For all i and j in parallel, where 1 < i < j < n, if AJi] < A[j], set m][i]:= false.

Now mli] is true exactly when A[i] < A[j] for all j, i.e. when A[i] holds a copy of the max value.
Step 3. Fori=1,...,n, if m[i] = true then set mazr = A[i].

Even if several locations hold a copy of the same value, all values written to maz will be the same.

This algorithm runs on a CRCW PRAM with n? /2 processors in O(1) time. However, this algorithm is not
optimal (since the problem can be solved sequentially in O(n) time). Valiant proved that any n-processor
CRCW PRAM algorithm requires 2(loglogn) time to find the max of n elements. In fact, as we will see,
O(loglogn) time is sufficient as well.

Notice that this discussion also shows that the CRCW model is strictly more powerful than the EREW and
CREW models.
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We conclude our presentation with the presentation of a general technique that can be often used to improve
the performance of a parallel algorithm. In our case, accelerating cascades produces a strongly optimal
algorithm for the problem of finding the maximum.

4.5 Accelerating cascades

The idesa behind acclerating cascades 1z as follows: vou have several algorithms to solve a problem, each with
a different time/processor requirement. Typically, you have slower algorithms that are optimal, and faster
algorithmsz that are non-optimal because they require too many processors. Each of these algornithms uses
a sequence of steps to reduce the problem to a stmilar problem of smaller =1ze. Start with the optimal but
slower algorithm, and reduce the =size of the problem. Then use a faster algornthm to reduce the =ize even
more, and continue ke this. In many cases, this will allow vou to derive an algorithm which 1s both fast
and closer to optimal.

For example, to find the max of elements we already described a couple of algorithms with different
time/processor requirements:
1. Solve the problem optimally (sequentially) in C{n) time with | processor.

2. Bolve the problem optimally in CYlog n) time with O{n/ log n) processors using the balanced binary tree
scheme (pairwise comparisons). Each step of this algorithm reduces the size of the problem by %

3. Solve the problem in Ologlogn) time with On) processors (Valiant's algorithm).

We will now combine these algorithms to get an optimal C{log log n) time one that has only r) cost (e
uses On/ loglogn) procossors).

Here are two ways that you can do it

1. Use (2) and (3). First we apply logloglogn steps of the binary tree algorithm (2). There is C(n)
work here and, since each step reduces the problem size by %, it reduces the problem to one of =ize
N = nl.-"?‘”"g loglogn _ i/ loglogn. Now apply Valiant’s algorithm (3) to these elements: this requires
Nloglog &) = Nlog logn) time and work

r n—of ™. L R
(N Ing]ug;'h}_ﬂ(hglugn log log (hg“)) — O(n) .

So the total time 15 loglogn) and work is Cn). By Brent's Theorem, this can be done with
n/loglog n) processors.

2. Similarly, we can use (1) and (3) and n/ loglogn processors. Partition the array into n/loglogn blocks
of size loglogn each. Assign one processor to each block and (using (1)) each processor computes the
max of its block of elements. This reduces the problem to one of size n/loglog n in loglog n steps. Now
apply Valiant’s algorithm to these elements and find the max in O(log log n) steps using only n/ loglogn
PTOCESSOTS.

It can be shown [1] that any n-processor CRCW PRAM algorithm that uses only comparisons on elements
of the array requires {}(loglogn) time to find the max of n elements. Therefore, both algorithms described
above are strongly optimal comparison based parallel algorithms for this problem.
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