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Abstract11

Most currency pairs lack a direct liquid market, so international foreign exchange relies on routing12

transactions through a dominant vehicle currency. Multi-currency automated market makers (AMMs)13

offer an alternative by sharing liquidity across many currency pairs, facilitating direct cross-currency14

trade while exploiting liquidity consolidation. This paper studies a multi-currency pool design that15

minimizes trading cost. Under a constant-mean AMM architecture, equilibrium trading costs reflect16

the trade-off between reduced price impact from consolidated liquidity and increased impermanent17

loss from joint return risk. This work derives closed-form costs, characterizes optimal pool weights,18

and shows that the optimized multi-currency pool dominates the status quo over a range of market19

parameters. It then formulates the system-level problem of partitioning currencies into multi-currency20

pools, which is solved using a hierarchical agglomerative clustering algorithm. Empirically, using21

exchange rate and trade data for 43 currencies over 2008-2023, the algorithm runs in 1.6 seconds22

and produces pools with geographic and economic structure. Notably, this reduces realized costs by23

~13% relative to the status quo of vehicle-currency routing, with gains stable through episodes of24

global financial stress.25
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1 Introduction29

Daily trading volume in foreign exchange markets more than doubled from $4.0 trillion in30

2010 to $9.6 trillion in 2025 [7, 9]. Despite this growth, foreign exchange transfers follow a31

peculiar arrangement: most currency pairs do not trade directly with one another but route32

through the US dollar (USD). For instance, a firm in Australia importing goods from Sweden33

cannot exchange Australian dollars (AUD) for Swedish kronor (SEK) directly at a “tight”34

spread as direct AUD/SEK markets are thin. Instead, it must first convert the AUD to USD35

and then the USD to SEK, thus paying the transaction costs for both trades. The work36

of [10] estimates that, in 2022, direct trades between the AUD and the SEK were virtually37

non-existent. More broadly, 13% of foreign exchange trading volume involving the USD is38

generated by routing trades between non-dollar currencies through the USD [48]. This is a39

significant volume given that USD-involved foreign exchange transactions as a whole account40

for over 85% of the global foreign exchange volume.41

This dependence on the USD as a vehicle currency persists as an emergent feature of42

the international monetary system. After World War II, the stable US economy with its43

dollar attached to the gold standard made it an attractive peg codified through the 194444
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Bretton Woods Agreement. This allowed the USD to play an important role as a vehicle45

currency for international foreign exchange. Even after the end of the Bretton Woods era46

in 1971 with the Nixon shock that canceled the convertibility of USD to gold, the USD’s47

dominance as a vehicle currency has been sustained through various economic forces. Among48

other reasons, when bilateral trade between two currencies is moderate or low, neither side49

can sustain a deep enough market to offer competitive spreads, so traders gravitate toward50

an intermediate currency with high liquidity. Early work by [31], in fact, makes the case that51

concentrating trade in a vehicle currency is more efficient than trading with multiple pairs.52

Yet, the political landscape is shifting in ways that make the architecture of international53

payments a pressing policy question. The use of dollar-based payments systems as a political54

instrument through sanctions and freezing of sovereign reserves has prompted countries to55

seek alternatives [22, 47, 40, 19, 51]. New currency swap agreements between central banks56

have been negotiated and payment systems outside the SWIFT network are under active57

development [49, 12, 15, 23, 44]. Most importantly, technological advances and innovations58

in blockchain-based trading technology raise the question of whether novel currency exchange59

arrangements can reduce reliance on a vehicle currency but also overall transaction costs.60

This paper posits that Decentralized Finance (DeFi) offers a compelling alternative.61

Specifically, an automated market maker (AMM) is a decentralized exchange protocol that62

holds pooled reserves of assets that are traded against at prices governed by a mathematical63

invariant. The Balancer protocol, in particular, offers a multi-asset AMM [41]. Such a64

protocol could be the backbone for direct markets between various currency pairs, while65

still allowing intermediation through a vehicle currency when necessary. This practice has66

the potential to reduce overall trading costs relative to the status quo system of routing all67

trades through a vehicle currency by broadening support for direct cross pair trading.68

The BIS’s Project Mariana demonstrates the technical feasibility of AMM-based trading69

and settlement for foreign exchange trades [8]. However, whether a multi-currency AMM70

arrangement can achieve economic improvements on the status quo depends on a fundamental71

trade-off. Liquidity providers, i.e., investors who deposit funds into an AMM pool, are72

exposed to impermanent loss: when exchange rates move, arbitrageurs profit against the pool.73

This is especially so for pools of heterogeneous assets, each with their own price movements74

and risk. An AMM pool planner must design fees, exposure weights, and currency inclusion75

to balance this risk against the liquidity benefits of consolidation. At the same time, pooling76

currencies with volatile or negatively correlated returns amplifies impermanent loss and raise77

the fee(s) required to sustain the pool, undermining the gains from deeper liquidity.78

Resolving these trade-offs is the central contribution of this paper. First, we extend to79

multi-currency AMMs a mathematical framework in which equilibrium trading costs—the80

costs under optimally designed pool parameters assuming competitive liquidity provision—are81

a function of trading volumes, exchange rate covariances, and pool composition. Second,82

we show the market conditions under which an optimally designed multi-currency AMM83

dominates the status quo and study optimal pool weights in closed form for these conditions.84

We further develop a tractable approximation for the general case. Finally, we examine the85

system-level problem of which currencies to pool together using a hierarchical agglomerative86

clustering (HAC) algorithm on a correlation-based distance metric. Empirically, applying the87

framework to 43 non-pegged currencies over 2008–2023, the HAC algorithm runs in 1.6 seconds88

and produces pools that demonstrate meaningful regional and economic structure. The89

resulting architecture reduces realized aggregate costs by ~13%—USD ~2.5 billion—relative90
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to the status quo, with gains remaining stable through episodes of financial stress.191

The paper proceeds as follows. Section 2 introduces the general AMM framework.92

Section 3 contextualizes this setup. Section 4 studies benchmark exchange arrangements.93

Section 5 analyzes equilibrium costs of multi-currency AMM pools. Section 6 derives94

analytical weight optimization results for parametrized symmetric currencies. Section 795

studies the general weight optimization problem and develops a closed-form approximation.96

Section 8 formulates the currency partitioning problem, describes the HAC algorithm, and97

presents an empirical evaluation. Section 9 reviews the literature. Section 10 concludes and98

discusses further directions.99

2 Preliminaries: General AMM Framework100

Consider an AMM for N + 1 currencies indexed by i ∈ {0, 1, . . . , N}, funded by liquidity101

providers who deposit reserves Ri ≥ 0 of each currency. The AMM is governed by an102

invariant function of the reserves that implicitly determines the prices at which the AMM103

trades. When a trader exchanges asset i for asset j by submitting ∆i > 0 units, the outgoing104

quantity ∆j is uniquely determined by the requirement that the invariant is preserved.105

Throughout, we use the constant mean invariant introduced by Balancer [41],
∏N

i=0 Rwi
i =106

k, for a fixed weight vector (w0, . . . , wN ) with wi ≥ 0 and
∑

i wi = 1. The weight wi governs107

pool exposure to currency i: at fundamental prices, currency i accounts for fraction wi of108

total pool value. Thus, the 2-asset constant-product AMM (R0R1 = k) is the special case109

used by Uniswap V2, among other popular AMMs [1].110

2.1 Prices, Fees, and Trading Costs111

The AMM-implied marginal price of asset i in terms of asset j is, for the constant-mean AMM,112

pij = (wi/wj)(Rj/Ri) [41]. Competitive arbitrageurs continuously restore the pool’s marginal113

prices to the exogenous exchange rates Si (with numeraire S0 ≡ 1), so that pij = Si/Sj in114

equilibrium. For the constant-mean AMM this requires SiRi/wi = SjRj/wj for all pairs.115

A finite trade of size ∆ in numeraire moves the reserve vector along the invariant surface,116

causing the effective price Seff(∆) paid by the trader to deviate from the pre-trade spot price117

S. The price impact at spot price S is118

Π(∆) = Seff(∆) − S

S
, (1)119

which is strictly positive and increasing in ∆ for the constant-mean invariant. Traders120

additionally pay an explicit fee f ≥ 0 proportional to transaction value,2 so the total121

unit trading cost is c(∆, f) = Π(∆) + f . Denoting by cij the unit cost for pair i, j and122

Qij the total trading volume on pair (i, j) (assuming a fixed trade size ∆ and balanced123

flows in either direction), the aggregate cost for pair (i, j) over the period is approximately124

cij(∆, f) =
(
Π(∆) + f

)
Qij .125

2.2 Impermanent Loss126

The pool’s value in the numeraire is V =
∑

i SiRi, held collectively by liquidity providers.127

When external prices change, arbitrageurs trade against the pool to restore price alignment.128

1 The code can be found at https://github.com/anonauthor2/Multi-Currency-AMMs-FOREX.
2 For simplicity, we assume that fees are paid to liquidity providers directly, not added back to the pool.
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Arbitrageurs are incentivized by the favourable terms offered by the AMM: the AMM sells the129

asset below its new fundamental value or buys above it. The profit earned by the arbitrageur130

is at the expense of the pool’s liquidity providers. This gives rise to impermanent loss (IPL).131

Consider an initial deposit V (0) and a period [0, T ] in which currency i’s has gross return132

xi = Si(T )
Si(0) (with x0 ≡ 1). After arbitrageurs restore price alignment, the pool value is V (T ),133

while the counterfactual hold value of the initial deposit is Vhold(T ) =
∑

i xiSi(0)Ri(0). The134

IPL is defined as3
135

IPL = V (T ) − Vhold(T )
V (0) ≤ 0. (2)136

The loss is described as “impermanent” in DeFi settings because it is unrealized if prices137

revert before the provider withdraws. In the context of this work, the loss is due to changes138

in the fundamental.139

2.3 Equilibrium Liquidity Supply and Optimal Fees140

We follow the framework of [36] and model equilibrium competitive liquidity provision:141

risk-neutral providers deposit at the start of a period and withdraw at the end, earning fee142

revenue while bearing impermanent loss. To simplify the exposition, we assume that there is143

sufficient exogenous, uninformed trading relative to the order flow of informed arbitrageurs144

so that fees accrue on noise volume while IPL stems from price changes driven by informed145

flow. Competitive liquidity providers contribute capital until they break-even:146

E[|IPL|] · V (0) = E[Q] · f, Q =
∑
i<j

Qij . (3)147

For a given fee rate f and return and volume distributions, (3) pins down the equilibrium148

pool depth V (0) and hence the price impact and unit trading cost c(∆, f). The pool designer149

chooses the fee that minimizes unit trading costs, f∗ = arg minf c(∆, f); this fee maximizes150

trader welfare and ensures that no competing pool can charge better rates.151

3 Overview152

At a high level, our goal is to design an optimal foreign exchange mechanism and ask: do153

multi-currency pools lower costs or does the additional risk from holding many currencies154

outweigh the benefits of pooling? Our benchmarks are bilateral AMMs as proxies for the cost155

of vehicle routing. Although at first sight these AMMs look different to traditional markets,156

they are economically equivalent to a limit order book and as [36] show, bilateral AMMs are157

a low cost benchmark for existing markets. We use the framework in Section 2 to isolate158

the key forces determining costs. The AMM invariant determines how trades move pool159

prices, giving rise to price impact—a cost that diminishes with increased liquidity. Liquidity160

providers supply this liquidity, but exchange rate volatility exposes them to impermanent161

loss, so they require trading fees as compensation. A higher fee attracts more liquidity but is162

charged to the trader. A pool planner therefore sets a fee that balances these forces, yielding163

optimal equilibrium pool depth and minimized trading cost.164

The following builds on this framework by studying how pools should be designed once165

these forces are in place, moving from simple benchmarks to richer design problems. Constant-166

mean pools introduce weights as an additional design parameter that control the pool’s167

3 IPL is also sometimes defined in other literature as (V (T ) − Vhold(T ))/Vhold(T ).
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exposure to each currency’s risk and volume. At the system level, design also involves deciding168

which currencies to pool together. We ultimately study the pool weights and membership169

structures that minimize equilibrium trading costs across different market environments.170

4 Benchmark Currency Exchange Architectures171

We begin by specializing to a minimal three-currency environment consisting of currencies172

{0, 1, 2}, with currency 0 as the numeraire, to establish benchmarks, and then generalize the173

architectures to N + 1 currencies. Following the work in [35], we consider three arrangements.174

In the status quo, trades between currencies 1 and 2 are routed through the vehicle currency175

0 via two separate bilateral constant-product pools; each (0, i) pool handles total volume176

Qi =
∑

j ̸=i Qij , and a cross-pair trader (trading currencies 1 and 2) bears costs in both.177

In the dedicated bilateral pools architecture, each pair has its own pool. In the equal-178

weighted constant mean pool, all three currencies are held in a constant mean pool with179

w0 = w1 = w2 = 1/3. By [35], the fee-optimized equilibrium unit costs for trades between180

i ↔ j of size ∆ in numeraire under the three arrangements are, respectively,181

cSQ
ij =

√
σ2

i ∆
E[Qi]

+

√
σ2

j ∆
E[Qj ] , cBP

ij =

√
σ2

ij ∆
E[Qij ] , cSYM

ij =

√
2H∆
3E[Q]182

where σ2
i = Var(xi), σ2

ij = Var(xi − xj) (we call σ the relative volatility of i and j),183

H =
∑

i<j σ2
ij and Q =

∑
i<j Qij .4184

In each case, costs scale with volatility and shrink with volume. The status quo charges185

two costs for a i ↔ j trade, each discounted by its own currency’s total volume. The bilateral186

pool charges a single cost but only gets liquidity from the i, j pair. In the equal-weighted187

AMM all pairs share the same cost discounted by aggregate volume E[Q], so more actively188

traded pairs effectively subsidize thinner-traded ones.189

The cost cBP generalizes straightforwardly to N + 1 currencies, with aggregate cost190

cBP =
∑

i<j

√
σ2

ijE[Qij ]∆. We extend the results for cSQ and cSYM to N + 1 currencies in191

the following propositions, both of which are proved in Appendix A.1.192

▶ Proposition 4.1 (Status quo trading cost). The expected aggregate trading cost in the status193

quo for N + 1 currencies routed through the vehicle currency 0 is194

cSQ =
∑

i

√
σ2

i E[Qi]∆195

▶ Proposition 4.2 (Equal weights trading cost). The expected aggregate trading cost in an196

equal-weighted N + 1 currency constant-mean pool is197

cSYM =
√

2∆HE[Q]
N + 1198

In each case, the aggregate costs scale with exchange rate volatilities, but cSQ charges199

volatility per currency, as each currency routes trades through the vehicle separately, while200

cBP and cSYM charge per pair, reflecting the direct cross-pair trading. The dominant pool201

depends on the specific volatility and volume structure, which is explored further in Section 6.202

4 [35] derives the costs in expectation using second-order approximations for IPL under the assumption of
small, zero-mean excess returns ϵi = xi − 1 ≈ 0. We use the same simplifying assumption throughout.

CVIT 2016
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5 Equilibrium in Constant-Mean AMMs203

Equal weights are not optimal in general: a currency with high individual volatility inflicts204

more impermanent loss per weight, while one with high trading volume generates more fee205

revenue per weight. Introducing non-uniform weights allows the pool designer to tilt exposure206

away from high-volatility, low-volume currencies, reducing equilibrium trading costs.207

The break-even framework of Section 2.3, developed for two-asset constant-product pools208

in [36], extends to general constant-mean pools. The lemmas below derive the corresponding209

price impact and impermanent loss expressions; applied to the break-even condition (3) and210

cost function c(∆, f), they yield the equilibrium trading cost in Proposition 5.3. All proofs211

for this section are found in Appendix A.2.212

▶ Lemma 5.1 (Price impact). In the general constant-mean AMM, the price impact of a213

trade of size ∆ in numeraire between currencies i and j is approximately214

Π(∆) ≈ wi + wj

wiwj
· ∆

2V
215

▶ Lemma 5.2 (Impermanent loss). For gross returns xi with xi ≈ 1 and E[xi] = 1, the216

expected impermanent loss of the general constant-mean pool satisfies217

E[|IPL|] ≈ Hw

2 , Hw =
∑
i<j

wiwjσ2
ij218

Each currency pair (i, j) contributes to Hw in proportion to the product of the two currencies’219

weights and the variance of their relative returns. Concentrating weight on a pair with220

high relative volatility σ2
ij increases expected impermanent loss and therefore the fee needed221

to sustain liquidity provision in equilibrium. Together with Lemma 5.1, this gives us the222

following proposition.223

▶ Proposition 5.3 (Equilibrium trading cost). Under the break-even condition (3) and Lem-224

mas 5.1–5.2, the aggregate equilibrium trading cost is minimized at225

f∗ =
√

∆Hw

4(E[Q])2

∑
i

E[Qi]
wi

, c∗ =
√

∆Hw

∑
i

E[Qi]
wi

(4)226

The cost factors cleanly into two terms: Hw, which is proportional to expected imperma-227

nent loss, and
∑

i E[Qi]/wi, which is proportional to the volume-weighted price impact per228

unit of volume. The pool designer’s goal is to choose weights to minimize this cost.229

6 Optimal Pools Under Symmetric Multi-Currency Parametrizations230

We begin by deriving closed-form optimal weights and cost comparisons for special symmetric231

cases, where the general problem of Section 5 reduces to a scalar optimization. The three-232

currency case extends the analysis of [35] by characterizing optimal weights, while the233

N + 1-currency case is, to our knowledge, new.234

6.1 Three Currency Case235

We first study a parametrization that captures the structure of a three-currency system236

organized around a vehicle currency. Let currency 0 be the vehicle. Suppose that the237

(0, 1) and (0, 2) pairs have equal trading volumes and equal relative volatilities, while the238
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Figure 1 s vs. v regions for optimality over
the status quo under the three-currency (v, s)
parametrization.

Figure 2 s vs. v regions for optimality over
the status quo under the (v, s) parametrization
for N = 5 currencies.

(1, 2) cross pair trades at a smaller volume with higher relative volatility. That is, let239

E[Q01] = E[Q02] = q and σ2
01 = σ2

02 = σ2. Write E[Q12] = vq for some v > 0 and σ2
12 = s2σ2

240

for s ≥ 0.5 Values s >
√

2 correspond to negatively correlated returns for currencies 1 and 2,241

while s <
√

2 corresponds to positively correlated returns. The case v < 1 represents the242

typical vehicle-currency scenario in which direct cross-currency trading is thin; v > 1 could243

represent two highly liquid currencies and one smaller currency trading against the two.244

Under this parametrization, currencies 1 and 2 are symmetric, so the cost-minimizing245

weights satisfy w1 = w2 = (1 − w0)/2, and the problem reduces to optimizing over the246

scalar w0 ∈ (0, 1). The result is summarized in the following proposition which is proved in247

Appendix A.3.248

▶ Proposition 6.1 (Optimal weight and cost for vehicle and 2 symmetric currencies). Under249

the symmetric (v, s) parametrization for 3 currencies, if s2 < 2(1 + 2v)/(1 + v), the expected250

aggregate trading cost of Equation (4) has unique interior minimizer at w∗
1 = w∗

2 = 1−w∗
0

2 and251

w∗
0 = s√

(1 + 2v)(4 − s2)
, c∗ =

√
qσ2∆

√
s2v + 2 + s

√
(4 − s2)(1 + 2v)252

If s2 ≥ 2(1 + 2v)/(1 + v), no interior minimizer exists; the infimum over w1, w2 > 0 is253

obtained as w0 → 1.254

The optimal vehicle-currency weight w∗
0 increases with s: when the (1, 2) pair is volatile,255

the pool tilts toward the vehicle to lower IPL generated by the cross pair. Conversely, w∗
0256

decreases with v (the relative volume of the non-vehicle pair): when the (1, 2) pair has high257

volume, the pool should provide more depth to the cross pair and reduce its price impact.258

We plot the regions in which c∗, cSYM, and cBP are optimal over the status quo cost, cSQ
259

in Figure 1. The precise expressions for the thresholds are found in Appendix B.260

6.2 Extension to More Currencies261

The above can be generalized to N ≥ 2 symmetric currencies organized around a vehicle262

currency. Again, let currency 0 be the vehicle and suppose that (0, i) pairs have equal trading263

5 Since σ2
12 = Var(ϵ1−ϵ2) = σ2

01+σ2
02−2 Cov(ϵ1, ϵ2), the Cauchy–Schwarz inequality implies 0 ≤ σ2

12 ≤ 4σ2

and s ∈ [0, 2].

CVIT 2016
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volumes and volatilities, q and σ, while each pair (i, j) with i, j ≠ 0 trading at volume vq with264

volatility of returns sσ. Under this parametrization, the weights satisfy wi = (1−w0)/N , and265

the problem reduces to optimizing over w0 ∈ [0, 1], summarized in the following proposition266

and proved in Appendix A.3.267

▶ Proposition 6.2 (Optimum for vehicle and N symmetric currencies). Under the symmetric268

(v, s) parametrization for N + 1 currencies, if s2 < 2(1 + Nv)/(1 + (N − 1)v), the expected269

aggregate trading cost from Equation (4) has unique interior minimizer at w∗
i = (1 − w∗

0)/N270

for all i > 0 and271

w∗
0 = s√

(1 + Nv)(2N − (N − 1)s2)
272

If s2 ≥ 2(1 + Nv)/(1 + (N − 1)v), no interior minimizer exists; the infimum over w1, w2 > 0273

is obtained as w0 → 1.274

The expression for the optimal aggregate expected cost c∗ can be found as Equation (7)275

in Appendix A.3. The optimal weights of the three-currency case are recovered by setting276

N = 2, and similarly, we observe the increasing optimal vehicle weight with s.277

We plot, for the N + 1 currencies case, the regions for which c∗, cSYM, and cBP are278

optimal over the status quo cost, cSQ in Figures 2. The precise expressions for the thresholds279

are found in the Appendix B.280

7 General Constant Mean AMM Weight Optimization281

For a general distribution of volumes and volatilities of a given pool of currencies, the pool282

designer solves for the weights wi > 0 summing to 1 and minimizing F(w) = Hw

∑
i E[Qi]/wi.283

Closed-form solutions are not available in general, but the system can be solved numerically284

via constrained optimization methods.285

A tractable heuristic approximation is obtained by noting that, in the objective F(w) =286

Hw ·
∑

i E[Qi]/wi, the first factor captures the impermanent loss exposure of the pool and287

the second captures the volume-weighted price impact. The two factors interact through288

the weights, with the first biasing towards currencies with small relative volatilities and the289

second biasing towards currencies with high trading volumes. A useful simplification captures290

these forces and decouples the weights: we approximate the minimization objective by the291

heuristic F̃(w) =
∑

i
E[Qi]
wiHi

where Hi =
∑

j ̸=i σ2
ij . The heuristic-approximated optimum is292

presented in the following proposition, proved in Appendix A.4.293

▶ Proposition 7.1 (Approximate optimal weights). When Hi > 0 for all i and E[Qi] > 0 for294

some i, the minimizer of F̃(w) =
∑

i
E[Qi]
wiHi

subject to
∑

i wi = 1, wi > 0 ∀i, is295

w∗
i = 1

D

√
E[Qi]

Hi
, ∀ i = 0, . . . , N, where D =

∑
j

√
E[Qj ]/Hj ,296

This heuristic rule assigns each currency a weight proportional to the square root of its297

expected aggregate trading volume E[Qi] and the inverse of the sum of its relative variances.298

The square-root scaling arises from the diminishing effects of concentrating weight on a single299

currency in reducing price impact while leaving the impermanent loss exposure unimproved.300

Hence, the optimum disperses weight broadly, with the degree of dispersion governed by the301

square-root of relative volumes and volatilities.302
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Figure 3 Mean equilibrium aggregate trading
cost (as a percentage of total volume) achieved
by the exact minimizer of F and the closed-form
approximate minimizer of F̃ , averaged over 500
trials per pool size.

Figure 4 Coefficient of variation (standard
deviation / mean) of the equilibrium aggregate
cost across trials, as a function of pool size N , for
the exact and approximate minimizers.

7.1 Numerical Validation303

We evaluate the quality of the approximation min F̃ by comparing the equilibrium trading304

cost it achieves against the cost attained by the numerical minimizer of F , across a wide305

range of pool sizes and randomly drawn market environments.306

Methodology: For each pool of N ∈ {2, 3, . . . , 20} non-vehicle currencies (pooled307

together with the vehicle), we conduct 500 independently drawn trials, proceeding as follows.308

To generate covariance matrices, we use a synthetic 4-factor model [13], where returns are309

correlated through shared factors, with loadings B ∈ RN×4, a matrix of standard normal310

entries. The covariance matrix K is constructed as K = BBT + Ψ, where Ψ is a diagonal311

matrix with entries uniformly chosen from [0, 1], representing idiosyncratic risk. An additional312

column and row of zeros is added for the 0-return vehicle currency. The pairwise relative313

variance matrix σ2 ∈ R(N+1)×(N+1) is then computed with entries σ2
ij = Kii + Kjj − 2Kij .314

Expected trading volumes are drawn as E[Qij ] = qiqj with qi ∼ LogNormal(0, 1), yielding315

a symmetric volume matrix with log-normally distributed marginals. E[Qi] for all i and316

E[Q] are computed from this matrix. We compute three weight vectors: wF , the numerical317

minimizer of F(w) = Hw

∑
i E[Qi]/wi using sequential quadratic programming (SLSQP) [30];318

wF̃
i = D−1

√
E[Qi]/Hi, the approximation from Proposition 7.1; and wEQ

i = 1/(N + 1), the319

equal weights vector. The aggregate expected cost of Equation (4) is evaluated for each320

weight vector with trade size ∆ = 1. We also compute the costs of the status quo vehicle321

routing and the dedicated bilateral pools architectures for comparison.322

Results: Figures 3 and 4 report the mean aggregate expected cost, expressed as a323

percentage of total volume, and its coefficient of variation over the trials as a function324

of pool size N . The two methods achieve nearly identical costs for all N , with the gap325

remaining small and roughly constant as N grows from 3 to 20. This implies that ignoring the326

interaction between Hw and
∑

i E[Qi]/wi when optimizing weights is negligible in practice.327

The coefficient of variation tracks closely across both methods for all N , indicating that328

variability reflects heterogeneity of the market environments rather than any degradation of329

the approximation. A pool designer can thus use the closed-form rule w∗
i ∝

√
E[Qi]/Hi in330

place of a much more computationally demanding numerical optimizer. This is practical for331

AMM weight optimization in computationally restricted applications such as in blockchains,332

or for efficiently estimating costs in the optimization algorithm described in the next section.333
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8 Currency Partitioning for System-Level Pool Design334

In this section, we address the question of which currencies to pool together. Evidently, not335

every currency benefits from co-pooling: if the returns of two currencies have high relative336

variance σ2
ij , their impermanent loss raises the fee, which may outweigh liquidity gains. We337

therefore introduce the currency partitioning problem: given N currencies and their pairwise338

volumes and return covariance structure, partition the currencies into multi-currency pools339

and unpooled singletons to minimize aggregate trading costs.340

We fix currency 0 as the vehicle and consider multi-currency pools of the form I = {0}∪G341

where G ⊆ {1, . . . , N}. Let M = {I1, . . . , IK , O} be a collection of such pools (that are342

disjoint except for the vehicle) and the set O of unpooled currencies. A trade between a343

non-vehicle i in a pool I and j /∈ I is executed in two legs: i ↔ 0 in the pool, and 0 ↔ j in344

the pool containing j or a bilateral pool with the vehicle if j ∈ O. Trades between unpooled345

currencies are also routed bilaterally through the vehicle.346

Let c(M) denote the total expected system cost; the currency partitioning problem is to347

choose M minimizing c(M). The expression for c(M) is calculated in Appendix C.348

8.1 Rolling Window Realized Cost349

Our empirical evaluation separates the ex-ante and ex-post quantities. Liquidity providers350

set the pool depth V and fee f before observing the period’s realized trading volume and351

price movements. They base these decisions on expectations formed from recent data.352

We implement this separation as follows. For each quarter t, we form the expected353

covariance matrix using a 12-month rolling window of monthly returns ending at the start of354

quarter t, scaled to a quarterly frequency. We form the expected volume matrices using the355

same 12-month windows, scaled to quarterly averages. The pool planner uses these expected356

values to compute the break-even fee f∗ via Proposition 5.3 and the optimal weights w∗
357

numerically by minimizing F(w) at the beginning of each quarter t. Liquidity providers then358

decide V = V ∗, the pool depth.359

The realized cost in quarter t is then computed by applying the unit cost implied by the360

ex-ante pool parameters (w∗, f∗, V ∗) to the realized trade volume for quarter t, which is then361

summed for every quarter over the evaluation period. The expression for the realized cost is362

also found in Appendix C. This specification captures an additional risk faced by liquidity363

providers: the fee, weights, and depth are fixed at the start of the quarter, but the realized364

cost depends on how much volume actually flows through the pool.365

8.2 Hierarchical Agglomerative Clustering Algorithm366

The number of partitions of N items grows super-exponentially, making exhaustive search367

infeasible. Instead, we exploit the cost function structure to inform heuristic methods.368

Since a currency inside a multi-asset pool executes all its trades inside the pool, the main369

determinant of pooling efficiency is the pairwise relative variance of currencies within a370

pool. Currencies with highly correlated returns have lower σ2
ij and thus generate lower371

impermanent loss. Hence, we use a hierarchical agglomerative clustering (HAC) algorithm372

on the correlations [37].373

First, we transform correlations into distances dij =
√

0.5(1 − ρij) ∈ [0, 1] so that highly374

correlated currencies are close together. We then construct a partition over the set of375

currencies as follows. Starting from singletons (equivalent to the status quo), we iteratively376

merge the two clusters with smallest distance. Here, the distance between two clusters A377
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and B is defined as dAB = 1
|A||B|

∑
i∈A,j∈B dij , the mean pairwise distance between the378

currencies across the two clusters. We require dAB ≤ τ , a distance threshold. If all clusters379

are farther than τ from each other, the procedure ends and returns the current partition.380

We evaluate the partition produced by a range of thresholds τ ∈ [0, 1] against the expected381

aggregate cost c(M) (evaluated using approximate weights from Proposition 7.1 for the sake382

of efficiency) and select the threshold τ and resulting partition that minimizes this cost.383

8.3 Empirical Data384

Exchange rates come from the IMF Exchange Rates dataset (monthly period-average US385

Dollar per domestic currency indicator) [28], from which we compute monthly returns and386

relative variances. Trade volumes are proxied by the USD value (in millions) of bilateral387

goods exports between the countries issuing the currency. This approximates the real demand388

for cross-border currency exchange. This data is obtained from the IMF International Trade389

in Goods dataset (monthly Export of Goods, FOB, US dollar indicator) [29].6 Currency390

partitioning with the HAC algorithm uses 2002–2007 monthly exchange rates and trade data391

to calculate correlations, relative variances, and trade volumes over the whole period (scaled392

to a quarterly basis); out-of-sample 12-month quarterly rolling window relative variances and393

trade volumes are calculated for the evaluation period, 2008–2023. We choose these windows394

for several reasons: first, 2002 is the starting year as this is when the Euro was officially395

adopted; second, we avoid using data from the 2008 financial crisis in the pool selection, but396

do not avoid evaluating on this crisis period; third, 2023 is the end year as it is the last year397

for which IMF AREAER exchange rate regime classifications are available.398

The last criteria is important as we restrict to non-pegged currencies under the IMF399

AREAER [27]—currencies classified as independently floating, managed floating, crawling400

band, crawling peg (pre-2008 classifications), other managed, free floating, floating, crawl-like,401

crawling peg, or stabilized (post-2008 classifications) over 2002–2023. Pegged currencies402

are excluded because their near-zero volatility against the peg makes them misleading. For403

example, pooling USD/EUR/DKK/BGN, where the Danish krone (DKK) and the Bulgarian404

lev (BGN) are pegged to the Euro, results in a realized cost of c(I) = 840 USD millions,405

versus cSQ(I) = 1,400 USD millions, a 40% cost saving over 2008–2023. However, this is406

a flawed analysis—central banks managing pegged currencies tend to provide guaranteed407

exchange rates against the peg, rather than using market supply and demand. We further408

exclude currencies with observed zero returns against the USD for three consecutive months,409

or that are described as pegged by the IMF AREAER,7 as well as the Haitian gourde410

(co-circulates with USD8) and the Somali shilling (limited regime data). The resulting 43411

currencies are listed in Table 1, with the USD as vehicle (currency 0). For the remainder of412

this section, we fix ∆ = 1 USD million throughout.413

8.4 Empirical Results414

The HAC algorithm, implemented in Python 3.13 with Numpy 2.2.1, Pandas 2.2.3, and415

SciPy 1.14.1 runs in 1.6 seconds on a 16-core Intel Core Ultra 7 155H processor and 16 GB416

RAM. Table 2 shows the pool architecture selected by the HAC algorithm, and Table 3417

6 We use the Euro Area (Eurozone) in lieu of a country for the Euro.
7 Afghani afghani, Cambodian riel, Dominican peso, Gambian dalasi, Georgian lari, Kyrgyz som, Laotian

kip, Liberian dollar, Malagasy ariary, Moldovan leu, Myanmar kyat, and Papua New Guinean kina.
8 IBAN lists USD as a currency of Haiti.
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Table 1 Currencies with non-pegged exchange rates for all years in 2002–2023 according to IMF
AREAER classification (43 currencies).

Currency code

ALL, AMD, AUD, BIF, BRL, CAD, CDF, CHF, CLP, COP, CZK, DZD, EUR, GBP, GHS,
GTQ, IDR, INR, ISK, JMD, JPY, KES, KRW, MUR, MXN, MZN, NIO, NOK, NZD, PEN,
PHP, PLN, PYG, RSD, SEK, SGD, THB, TRY, TZS, UGX, UYU, ZAR, ZMW

Table 2 Pool architecture from HAC algorithm. USD included implicitly in all pools.

Pool Currencies Description

1 ALL, CHF, CZK, EUR, GBP, JPY, NOK, PLN, RSD, SEK High liquidity + Europe
2 AUD, ISK, NZD Carry trade targets
3 COP, TRY Macro risk
4 KRW, SGD, THB East & South-East Asian

reports out-of-sample realized aggregate costs over 2008–2023. The optimized architecture,418

with distance threshold τ = 0.46, places 18 of the 43 currencies into four multi-asset pools,419

reducing realized aggregate system costs by approximately 13% (roughly USD 2.5 billion)420

relative to bilateral USD routing. Some quarters exhibit realized savings exceeding 15-20%,421

and performance persists and remains stable even through the 2008 financial crisis and the422

2020 COVID-19 recession, indicating that the selected pool structures are persistent rather423

than artifacts of the calibration window.9424

Patterns emerge from the resulting pools. Pool 1 includes currencies with high foreign425

exchange turnover often considered ‘safe-havens’ (EUR, JPY, GBP, CHF) and other European426

currencies, reflecting the institutional and trade integration of the European economic area427

and its close partners [9, 46]. Pool 2 groups commodity-linked AUD and NZD with ISK,428

all three of which are carry-trade target currencies [14, 16]. Pool 3 pairs the Colombian429

peso and Turkish lira, both emerging markets exposed to high political risks [38]. Pool 4430

clusters KRW, SGD, and THB, East and South-East Asian currencies of manufacturing-heavy431

economies and regional trade integration [50]. This confirms that the trade-off at the heart432

of this paper—liquidity consolidation versus impermanent loss—can be resolved in practice433

by grouping currencies that co-move, capturing the benefits of shared liquidity without434

amplifying exchange rate risk. The emergent geographical and economic structures are a435

direct consequence of this co-movement pooling. Figure 6 visualizes the resulting pools in a436

heatmap of pairwise correlations, ordered by pool assignment. The heatmap shows the three437

high-correlation blocks along the diagonal corresponding the Pools 1-4, with the large Pool 1438

block most pronounced on the top-right. Overall, the structured results and 13% empirical439

cost reduction serve to validate that well-designed multi-currency pools can meaningfully440

lower foreign exchange trading costs relative to bilateral vehicle-currency routing.441

9 The HAC algorithm is not theoretically cost-optimizing, but we compare it with a simple greedy
algorithm in Appendix D to benchmark the HAC algorithm’s performance.
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Table 3 Out-of-sample realized aggregate trading costs, 2008–2023 in millions USD.

Architecture c(M) cSQ Savings Savings (%)

HAC algorithm pool selection 16,450 18,930 2,500 13%

Figure 5 Quarterly realized cost of Table 2
architecture as a percentage of USD-routing cost.

Figure 6 Heatmap of correlations with curren-
cies ordered by HAC-optimal pool assignment.

9 Related Work442

Developments on AMMs have accelerated since the constant-product invariant was introduced443

by Uniswap V2 [1]. Subsequent protocols explored alternative invariants and liquidity444

mechanisms: Balancer generalized to the constant mean invariant, Curve developed a445

hybrid invariant optimized for low-volatility assets, and Uniswap V3 introduced concentrated446

liquidity to improve capital efficiency [41, 20, 2]. Our work builds on the constant-mean447

framework and studies AMMs through the lens of pool formation and weight optimization.448

Meanwhile, theoretical literature studies the economics of AMMs. The authors of [3, 4]449

show how arbitrage aligns prices with external markets and concave payoff functions can be450

replicated by suitable invariants, while [5] studies optimal routing across multi-asset AMMs.451

Another major focus is liquidity provider losses induced by arbitrage and price volatility,452

quantified by [45, 43]. Empirical and strategic analysis examine realized liquidity provider453

outcomes and adoption limits [26, 42, 11], optimal and equilibrium liquidity provision [52, 32,454

6], and endogenous fee setting [21, 36] in 2-asset constant product pools. Closer to our setting,455

the work of [34, 24] compare FX efficiency in AMMs under different invariants and levels of456

liquidity fragmentation. We add to this literature by embedding closed-form expressions for457

AMM prices and impermanent loss of multi-asset constant-mean pools into the equilibrium458

model of competitive liquidity provision from [36] in a foreign exchange setting.459

Our setting also relates to the literature on vehicle currencies in foreign exchange markets.460

Consistent with our framework, [31] show that vehicle currencies emerge from transaction461

cost minimization and economies of scale concentrating liquidity along vehicle currency pairs,462

while [25] emphasize the persistence of vehicles due to trade and industry structure.463

Finally, our problem is related to portfolio optimization. Building on the mean–variance464

optimization framework of [39], subsequent work incorporates metaheuristic methods such465

as genetic and evolutionary algorithms to address nonlinearities [18, 17, 53]. Our problem,466

however, jointly determines pool membership and optimal weights with a highly nonlinear ob-467

jective where weights also appear in the denominator. Moreover, while portfolio optimization468

seeks to diversify away covariance risk, our setting benefits from highly correlated assets.469
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10 Conclusion and Future Work470

This paper studies the design of multi-currency AMM architectures for foreign exchange471

systems. In our framework, the equilibrium trading cost depends jointly on trading volumes,472

exchange-rate volatilities, and pool composition. We show that under this framework, pooling473

multiple currencies in a constant weighted mean AMM can reduce aggregate trading costs474

compared to the status quo—bilateral routing through a vehicle currency. The gains arise475

because multi-currency pools enable direct trades while still concentrating liquidity across476

many trading pairs. While multi-asset pools suffer from increased risk exposure, pooling assets477

with correlated exchange rates and appropriately weighing exposures limits the additional478

impermanent loss. We derive analytical results characterizing optimal weights in symmetric479

environments and a tractable approximation for general weight optimization, and formulate480

the system-level problem of partitioning currencies into pools.481

To solve the partitioning problem, we employ a hierarchical agglomerative clustering482

heuristic algorithm that exploits the correlation structure of exchange-rate returns to efficiently483

group currencies into structurally similar pools. Empirically, using exchange-rate and484

international trade data for 43 non-pegged currencies over 2008–2023, we find that the485

resulting architecture reduces realized aggregate trading costs by ~13% relative to bilateral486

USD routing, with improvements remaining stable through major episodes of financial stress.487

Several directions remain for future research. First, relaxing the assumptions we make by488

allowing persistent order imbalances, richer exchange-rate dynamics, stochastic trade-size489

distributions, or endogenous trading demand may materially affect the optimal architecture490

and equilibrium costs. Second, future work could seek analytical characterizations of the491

general weight optimization solution or derive approximation schemes with formal error492

bounds. Third, the present framework treats pool membership as fixed after the initial pool493

setup. The design of a dynamic multi-currency AMM that supports rebalancing mechanisms494

allowing currencies to migrate between pools as market conditions change could improve the495

flexibility and robustness of the multi-currency architecture, especially for currencies issued496

by countries with volatile economic policies. The current work uses historical correlations for497

pool formation, but the same theory extends to dynamic pools formed using time-varying498

volatilities. Finally, the robustness of the agglomerative clustering algorithm should be studied499

over a variety of training data regimes and sets of currencies before it can be proposed as a500

reliable method for currency pooling, especially if deployed in an algorithmically rebalancing501

multi-currency AMM. Indeed, there may exist algorithms that are more efficient or robust502

across different market environments. Alternative approaches based on graph partitioning,503

metaheuristics, convex relaxations, or machine learning may yield improved solutions or504

stronger theoretical guarantees. These methods may also be able to deal with more complex505

pooling architectures, such as non-disjoint pools or pools without a common vehicle currency.506

References507

1 Hayden Adams, Noah Zinsmeister, and Dan Robinson. Uniswap v2 Core. Technical report,508

Uniswap, Mar 2020. URL: https://uniswap.org/whitepaper.pdf.509

2 Hayden Adams, Noah Zinsmeister, Moody Salem, River Keefer, and Dan Robinson. Uniswap v3510

Core. Technical report, Uniswap, Mar 2021. URL: https://uniswap.org/whitepaper-v3.pdf.511

3 Guillermo Angeris and Tarun Chitra. Improved price oracles: Constant function market512

makers. In Proceedings of the 2nd ACM Conference on Advances in Financial Technologies,513

AFT ’20, page 80–91, New York, NY, USA, 2020. Association for Computing Machinery.514

doi:10.1145/3419614.3423251.515

https://uniswap.org/whitepaper.pdf
https://uniswap.org/whitepaper-v3.pdf
https://doi.org/10.1145/3419614.3423251


R. K. X. Li, A. Park, A. Veneris, and S. F. Singh 23:15

4 Guillermo Angeris, Alex Evans, and Tarun Chitra. Replicating market makers. Digital Finance,516

5(2):367–387, jun 2023. doi:10.1007/s42521-023-00082-0.517

5 Guillermo Angeris, Alex Evans, Tarun Chitra, and Stephen Boyd. Optimal routing for constant518

function market makers. In Proceedings of the 23rd ACM Conference on Economics and519

Computation, EC ’22, page 115–128, New York, NY, USA, 2022. Association for Computing520

Machinery. doi:10.1145/3490486.3538336.521

6 Jun Aoyagi. Liquidity provision by automated market makers, Oct 2020. URL: https:522

//papers.ssrn.com/sol3/papers.cfm?abstract_id=3674178.523

7 Bank for International Settlements. Triennial central bank survey: Report on global foreign524

exchange market activity in 2010. Technical report, Bank for International Settlements, Basel,525

Switzerland, Dec 2010. URL: https://bis.org.526

8 Bank for International Settlements. Project mariana: Cross-border exchange of wholesale527

cbdcs using automated market-makers. Technical report, BIS Innovation Hub, Sep 2023. URL:528

https://www.bis.org/publ/othp75.pdf.529

9 Bank for International Settlements. Triennial central bank survey: Otc foreign exchange530

turnover in april 2025. Technical report, Bank for International Settlements, Basel, Switzerland,531

Sep 2025. URL: https://bis.org.532

10 Cara Bordier, Lukas Frei, and Simon Stalder. Dollar dominance: A source of dollar volatility?,533

May 2026. URL: https://ssrn.com/abstract=6757018.534

11 Agostino Capponi and Ruizhe Jia. The adoption of blockchain-based decentralized exchanges.535

Papers 2103.08842, arXiv.org, Mar 2021. URL: https://ideas.repec.org/p/arx/papers/2536

103.08842.html, doi:None.537

12 Joe Cash. China, Saudi Arabia sign currency swap agreement. Reuters, November 2023. URL:538

https://www.reuters.com/markets/currencies/china-saudi-arabia-central-banks-s539

ign-local-currency-swap-agreement-2023-11-20/.540

13 Gary Chamberlain and Michael Rothschild. Arbitrage, factor structure, and mean-variance541

analysis on large asset markets. Econometrica, 51(5):1281–1304, 1983. URL: http://www.js542

tor.org/stable/1912275.543

14 Yu chin Chen and Kenneth Rogoff. Commodity currencies. Journal of International Economics,544

60(1):133–160, 2003. Emperical Exchange Rate Models. URL: https://www.sciencedirect.545

com/science/article/pii/S0022199602000727, doi:10.1016/S0022-1996(02)00072-7.546

15 Jana Choukeir. UAE, Ethiopia sign currency swap agreement with value of up to $817 million.547

Reuters, July 2024. URL: https://www.reuters.com/business/finance/uae-ethiopia-sig548

n-currency-swap-agreement-with-value-up-817-million-2024-07-16/.549

16 Virginie Coudert, Cyriac Guillaumin, and Hélène Raymond. Looking at the other side of carry550

trades: Are there any safe haven currencies? Working Papers 2014-03, CEPII research center,551

Feb 2014. URL: https://ideas.repec.org/p/cii/cepidt/2014-03.html, doi:None.552

17 Y. Crama and M. Schyns. Simulated annealing for complex portfolio selection problems.553

European Journal of Operational Research, 150(3):546–571, 2003. Financial Modelling. URL:554

https://www.sciencedirect.com/science/article/pii/S0377221702007841, doi:555

10.1016/S0377-2217(02)00784-1.556

18 Giacomo Di Tollo and Andrea Roli. Metaheuristics for the portfolio selection problem.557

International Journal of Operations Research, 5(1):13–35, 2008. URL: https://www.orstw.or558

g.tw/ijor/vol5no1/2_IJOR_Vol5_No1_pp13_35.pdf.559

19 Kimberly Donovan and Maia Nikoladze. The axis of evasion: Behind China’s oil trade with560

Iran and Russia. Atlantic Council, March 2024. URL: https://www.atlanticcouncil.org/561

blogs/new-atlanticist/the-axis-of-evasion-behind-chinas-oil-trade-with-iran-a562

nd-russia/.563

20 Michael Egorov. StableSwap—Efficient Mechanism for Stablecoin Liquidity. Technical report,564

Curve Finance, 2019. URL: https://curve.fi/files/stableswap-paper.pdf.565

21 Alex Evans, Guillermo Angeris, and Tarun Chitra. Optimal fees for geometric mean market566

makers, 2021. URL: https://arxiv.org/abs/2104.00446, arXiv:2104.00446.567

CVIT 2016

https://doi.org/10.1007/s42521-023-00082-0
https://doi.org/10.1145/3490486.3538336
https://papers.ssrn.com/sol3/papers.cfm?abstract_id=3674178
https://papers.ssrn.com/sol3/papers.cfm?abstract_id=3674178
https://papers.ssrn.com/sol3/papers.cfm?abstract_id=3674178
https://bis.org
https://www.bis.org/publ/othp75.pdf
https://bis.org
https://ssrn.com/abstract=6757018
https://ideas.repec.org/p/arx/papers/2103.08842.html
https://ideas.repec.org/p/arx/papers/2103.08842.html
https://ideas.repec.org/p/arx/papers/2103.08842.html
https://doi.org/None
https://www.reuters.com/markets/currencies/china-saudi-arabia-central-banks-sign-local-currency-swap-agreement-2023-11-20/
https://www.reuters.com/markets/currencies/china-saudi-arabia-central-banks-sign-local-currency-swap-agreement-2023-11-20/
https://www.reuters.com/markets/currencies/china-saudi-arabia-central-banks-sign-local-currency-swap-agreement-2023-11-20/
http://www.jstor.org/stable/1912275
http://www.jstor.org/stable/1912275
http://www.jstor.org/stable/1912275
https://www.sciencedirect.com/science/article/pii/S0022199602000727
https://www.sciencedirect.com/science/article/pii/S0022199602000727
https://www.sciencedirect.com/science/article/pii/S0022199602000727
https://doi.org/10.1016/S0022-1996(02)00072-7
https://www.reuters.com/business/finance/uae-ethiopia-sign-currency-swap-agreement-with-value-up-817-million-2024-07-16/
https://www.reuters.com/business/finance/uae-ethiopia-sign-currency-swap-agreement-with-value-up-817-million-2024-07-16/
https://www.reuters.com/business/finance/uae-ethiopia-sign-currency-swap-agreement-with-value-up-817-million-2024-07-16/
https://ideas.repec.org/p/cii/cepidt/2014-03.html
https://doi.org/None
https://www.sciencedirect.com/science/article/pii/S0377221702007841
https://doi.org/10.1016/S0377-2217(02)00784-1
https://doi.org/10.1016/S0377-2217(02)00784-1
https://doi.org/10.1016/S0377-2217(02)00784-1
https://www.orstw.org.tw/ijor/vol5no1/2_IJOR_Vol5_No1_pp13_35.pdf
https://www.orstw.org.tw/ijor/vol5no1/2_IJOR_Vol5_No1_pp13_35.pdf
https://www.orstw.org.tw/ijor/vol5no1/2_IJOR_Vol5_No1_pp13_35.pdf
https://www.atlanticcouncil.org/blogs/new-atlanticist/the-axis-of-evasion-behind-chinas-oil-trade-with-iran-and-russia/
https://www.atlanticcouncil.org/blogs/new-atlanticist/the-axis-of-evasion-behind-chinas-oil-trade-with-iran-and-russia/
https://www.atlanticcouncil.org/blogs/new-atlanticist/the-axis-of-evasion-behind-chinas-oil-trade-with-iran-and-russia/
https://www.atlanticcouncil.org/blogs/new-atlanticist/the-axis-of-evasion-behind-chinas-oil-trade-with-iran-and-russia/
https://www.atlanticcouncil.org/blogs/new-atlanticist/the-axis-of-evasion-behind-chinas-oil-trade-with-iran-and-russia/
https://curve.fi/files/stableswap-paper.pdf
https://arxiv.org/abs/2104.00446
https://arxiv.org/abs/2104.00446


23:16 Multi-Currency AMMs for Decentralized FOREX Markets

22 Elena Fabrichnaya and Guy Faulconbridge. What and where are russia’s $300 billion in568

reserves frozen in the west?, Dec 2023. URL: https://www.reuters.com/world/europe/wha569

t-where-are-russias-300-billion-reserves-frozen-west-2023-12-28/.570

23 Evan Freidin. Brics pay as a challenge to swift network, Dec 2024. URL: https://www.lowy571

institute.org/the-interpreter/brics-pay-challenge-swift-network.572

24 Krzysztof Gogol, Johnnatan Messias, Malte Schlosser, Benjamin Kraner, and Claudio Tessone.573

Cross-border exchange of cbdcs using layer-2 blockchain, 2024. URL: https://arxiv.org/ab574

s/2312.16193, arXiv:2312.16193.575

25 Linda S. Goldberg and Cédric Tille. Vehicle currency use in international trade. Journal of576

International Economics, 76(2):177–192, 2008. URL: https://www.sciencedirect.com/scie577

nce/article/pii/S0022199608000664, doi:10.1016/j.jinteco.2008.07.001.578

26 Lioba Heimbach, Ye Wang, and Roger Wattenhofer. Behavior of liquidity providers in579

decentralized exchanges. Papers 2105.13822, arXiv.org, May 2021. URL: https://ideas.re580

pec.org/p/arx/papers/2105.13822.html, doi:None.581

27 International Monetary Fund. Annual report on exchange arrangements and exchange restric-582

tions (areaer), 2024. URL: https://www.elibrary-areaer.imf.org/.583

28 International Monetary Fund. Exchange rates (er). https://data.imf.org/en/datasets/I584

MF.STA:ER, 2026. Accessed: 2026-05-18.585

29 International Monetary Fund. International trade in goods (by partner country) (imts).586

https://data.imf.org/en/datasets/IMF.STA:IMTS, 2026. Accessed: 2026-05-18.587

30 D. Kraft. A Software Package for Sequential Quadratic Programming. Deutsche Forschungs-588

und Versuchsanstalt für Luft- und Raumfahrt Köln: Forschungsbericht. Wiss. Berichtswesen589

d. DFVLR, 1988. URL: https://books.google.ca/books?id=4rKaGwAACAAJ.590

31 Paul Krugman. The international role of the dollar: Theory and policy implications. In John591

F. O. Bilson and Richard C. Marston, editors, Exchange Rate Theory and Practice, pages592

261–278. University of Chicago Press, 1984.593

32 Alfred Lehar and Christine Parlour. Decentralized exchange: The uniswap automated market594

maker. Journal of Finance, 80(1):321–374, February 2025. URL: https://ideas.repec.org/595

a/bla/jfinan/v80y2025i1p321-374.html, doi:10.1111/jofi.13405.596

33 Reina Ke Xin Li, Andreas Park, Andreas Veneris, and Srisht Fateh Singh. Multi-currency597

amms for decentralized forex markets: Feasibility & optimal design, 2026. URL: https:598

//arxiv.org/abs/2607.26405, arXiv:2607.26405.599

34 Alex Lipton and Artur Sepp. Automated market-making for fiat currencies, 2021. URL:600

https://arxiv.org/abs/2109.12196, arXiv:2109.12196.601

35 Katya Malinova and Andreas Park. Dethroning the dollar? multi-currency automated market602

making for fx. Unpublished.603

36 Katya Malinova and Andreas Park. Learning from defi: Would automated market makers604

improve equity trading?, Aug 2023. URL: https://papers.ssrn.com/sol3/papers.cfm?ab605

stract_id=4531670.606

37 Christopher D. Manning, Prabhakar Raghavan, and Hinrich Schütze. Introduction to Informa-607

tion Retrieval. Cambridge University Press, USA, 2008.608

38 Maria Elena Vizcaino, Zijia Song, and Nicolle Yapur. Resurgent Political Risk Derails Rallies609

Across Emerging Markets. Bloomberg Markets, May 2026. URL: https://www.bloomberg.co610

m/news/articles/2026-05-24/resurgent-political-risk-derails-rallies-across-eme611

rging-markets.612

39 Harry Markowitz. Portfolio selection. The Journal of Finance, 7(1):77–91, 1952. URL:613

http://www.jstor.org/stable/2975974.614

40 Alexander Marrow. Russia, China find payments workaround as US sanctions net widens,615

sources say. Reuters, June 2024. URL: https://www.reuters.com/world/russia-china-fin616

d-payments-workaround-us-sanctions-net-widens-sources-say-2024-06-20/.617

https://www.reuters.com/world/europe/what-where-are-russias-300-billion-reserves-frozen-west-2023-12-28/
https://www.reuters.com/world/europe/what-where-are-russias-300-billion-reserves-frozen-west-2023-12-28/
https://www.reuters.com/world/europe/what-where-are-russias-300-billion-reserves-frozen-west-2023-12-28/
https://www.lowyinstitute.org/the-interpreter/brics-pay-challenge-swift-network
https://www.lowyinstitute.org/the-interpreter/brics-pay-challenge-swift-network
https://www.lowyinstitute.org/the-interpreter/brics-pay-challenge-swift-network
https://arxiv.org/abs/2312.16193
https://arxiv.org/abs/2312.16193
https://arxiv.org/abs/2312.16193
https://arxiv.org/abs/2312.16193
https://www.sciencedirect.com/science/article/pii/S0022199608000664
https://www.sciencedirect.com/science/article/pii/S0022199608000664
https://www.sciencedirect.com/science/article/pii/S0022199608000664
https://doi.org/10.1016/j.jinteco.2008.07.001
https://ideas.repec.org/p/arx/papers/2105.13822.html
https://ideas.repec.org/p/arx/papers/2105.13822.html
https://ideas.repec.org/p/arx/papers/2105.13822.html
https://doi.org/None
https://www.elibrary-areaer.imf.org/
https://data.imf.org/en/datasets/IMF.STA:ER
https://data.imf.org/en/datasets/IMF.STA:ER
https://data.imf.org/en/datasets/IMF.STA:ER
https://data.imf.org/en/datasets/IMF.STA:IMTS
https://books.google.ca/books?id=4rKaGwAACAAJ
https://ideas.repec.org/a/bla/jfinan/v80y2025i1p321-374.html
https://ideas.repec.org/a/bla/jfinan/v80y2025i1p321-374.html
https://ideas.repec.org/a/bla/jfinan/v80y2025i1p321-374.html
https://doi.org/10.1111/jofi.13405
https://arxiv.org/abs/2607.26405
https://arxiv.org/abs/2607.26405
https://arxiv.org/abs/2607.26405
https://arxiv.org/abs/2607.26405
https://arxiv.org/abs/2109.12196
https://arxiv.org/abs/2109.12196
https://papers.ssrn.com/sol3/papers.cfm?abstract_id=4531670
https://papers.ssrn.com/sol3/papers.cfm?abstract_id=4531670
https://papers.ssrn.com/sol3/papers.cfm?abstract_id=4531670
https://www.bloomberg.com/news/articles/2026-05-24/resurgent-political-risk-derails-rallies-across-emerging-markets
https://www.bloomberg.com/news/articles/2026-05-24/resurgent-political-risk-derails-rallies-across-emerging-markets
https://www.bloomberg.com/news/articles/2026-05-24/resurgent-political-risk-derails-rallies-across-emerging-markets
https://www.bloomberg.com/news/articles/2026-05-24/resurgent-political-risk-derails-rallies-across-emerging-markets
https://www.bloomberg.com/news/articles/2026-05-24/resurgent-political-risk-derails-rallies-across-emerging-markets
http://www.jstor.org/stable/2975974
https://www.reuters.com/world/russia-china-find-payments-workaround-us-sanctions-net-widens-sources-say-2024-06-20/
https://www.reuters.com/world/russia-china-find-payments-workaround-us-sanctions-net-widens-sources-say-2024-06-20/
https://www.reuters.com/world/russia-china-find-payments-workaround-us-sanctions-net-widens-sources-say-2024-06-20/


R. K. X. Li, A. Park, A. Veneris, and S. F. Singh 23:17

41 Fernando Martinelli and Nikolai Mushegian. Balancer: A Non-Custodial Portfolio Manager,618

Liquidity Provider, and Price Sensor. Technical report, Balancer Labs, Sep 2019. URL:619

https://balancer.fi/whitepaper.pdf.620

42 Jason Milionis, Ciamac C. Moallemi, and Tim Roughgarden. Automated market making621

and arbitrage profits in the presence of fees. Papers 2305.14604, arXiv.org, May 2023. URL:622

https://ideas.repec.org/p/arx/papers/2305.14604.html, doi:None.623

43 Jason Milionis, Ciamac C. Moallemi, Tim Roughgarden, and Anthony Lee Zhang. Automated624

market making and loss-versus-rebalancing. Papers 2208.06046, arXiv.org, Aug 2022. URL:625

https://ideas.repec.org/p/arx/papers/2208.06046.html, doi:None.626

44 Government of India Ministry of External Affairs. Chair’s Statement and Outcome Document627

at BRICS Foreign Ministers’ Meeting, May 2026. URL: https://mea.gov.in/bilateral-d628

ocuments.htm?dtl/41144.629

45 Pintail. Uniswap: A good deal for liquidity providers?, Jan 2019. URL: https://pintail.me630

dium.com/uniswap-a-good-deal-for-liquidity-providers-104c0b6816f2.631

46 Ayano Sato, Hayato Nakata, and Jay Percy. Time-variant safe haven currencies. International632

Review of Economics & Finance, 93:316–328, 2024. URL: https://www.sciencedirect.com/633

science/article/pii/S1059056024002685, doi:10.1016/j.iref.2024.04.015.634

47 Ritu Sharma. Loaded With Massive Reserves Of Rupees In Indian Banks, Russia Buys635

"Sensitive" Goods From New Delhi Despite Embargo - Reports, September 2024. URL:636

https://www.eurasiantimes.com/ne-loaded-with-massive-reserves-of-rupees/.637

48 Fabricius Somogyi. Dollar dominance in fx trading. Management Science, Apr 2026. doi:638

10.1287/mnsc.2024.07656.639

49 Benn Steil, Yuma Schuster, and Samuel Zucker. Central bank currency swaps tracker, Apr640

2026. URL: https://www.cfr.org/articles/central-bank-currency-swaps-tracker.641

50 United Nations Statistics Division. UN Comtrade Database, 2025. Accessed: 2026-05-19. URL:642

https://comtradeplus.un.org/.643

51 Kandy Wong. Saudi Arabia ‘open’ to petroyuan, closer China ties, minister says. South China644

Morning Post, sep 2024. URL: https://www.scmp.com/economy/global-economy/article645

/3277788/saudi-arabia-open-petroyuan-closer-china-ties-minister-says.646

52 Álvaro Cartea, Fayçal Drissi, and Marcello Monga. Decentralised finance and automated647

market making: Predictable loss and optimal liquidity provision, 2024. URL: https://arxiv.648

org/abs/2309.08431, arXiv:2309.08431.649

53 Álvaro Rubio-García, Juan José García-Ripoll, and Diego Porras. Portfolio optimization650

with discrete simulated annealing, 2022. URL: https://arxiv.org/abs/2210.00807,651

arXiv:2210.00807.652

A Proofs653

A.1 Proofs of benchmark arrangement trading costs654

▶ Proposition 4.1 (Status quo trading cost). The expected aggregate trading cost in the status655

quo for N + 1 currencies routed through the vehicle currency 0 is656

cSQ =
∑

i

√
σ2

i E[Qi]∆657

Proof. We sum the costs over the volume of the bilateral trades:658

∑
i<j

Qij

√ ∆σ2
i

E[Qi]
+

√
∆σ2

j

E[Qj ]

 =
∑
i<j

Qij

√
∆σ2

i

E[Qi]
+
∑
i<j

Qij

√
∆σ2

j

E[Qj ] .659

CVIT 2016

https://balancer.fi/whitepaper.pdf
https://ideas.repec.org/p/arx/papers/2305.14604.html
https://doi.org/None
https://ideas.repec.org/p/arx/papers/2208.06046.html
https://doi.org/None
https://mea.gov.in/bilateral-documents.htm?dtl/41144
https://mea.gov.in/bilateral-documents.htm?dtl/41144
https://mea.gov.in/bilateral-documents.htm?dtl/41144
https://pintail.medium.com/uniswap-a-good-deal-for-liquidity-providers-104c0b6816f2
https://pintail.medium.com/uniswap-a-good-deal-for-liquidity-providers-104c0b6816f2
https://pintail.medium.com/uniswap-a-good-deal-for-liquidity-providers-104c0b6816f2
https://www.sciencedirect.com/science/article/pii/S1059056024002685
https://www.sciencedirect.com/science/article/pii/S1059056024002685
https://www.sciencedirect.com/science/article/pii/S1059056024002685
https://doi.org/10.1016/j.iref.2024.04.015
https://www.eurasiantimes.com/ne-loaded-with-massive-reserves-of-rupees/
https://doi.org/10.1287/mnsc.2024.07656
https://doi.org/10.1287/mnsc.2024.07656
https://doi.org/10.1287/mnsc.2024.07656
https://www.cfr.org/articles/central-bank-currency-swaps-tracker
https://comtradeplus.un.org/
https://www.scmp.com/economy/global-economy/article/3277788/saudi-arabia-open-petroyuan-closer-china-ties-minister-says
https://www.scmp.com/economy/global-economy/article/3277788/saudi-arabia-open-petroyuan-closer-china-ties-minister-says
https://www.scmp.com/economy/global-economy/article/3277788/saudi-arabia-open-petroyuan-closer-china-ties-minister-says
https://arxiv.org/abs/2309.08431
https://arxiv.org/abs/2309.08431
https://arxiv.org/abs/2309.08431
https://arxiv.org/abs/2309.08431
https://arxiv.org/abs/2210.00807
https://arxiv.org/abs/2210.00807


23:18 Multi-Currency AMMs for Decentralized FOREX Markets

Swapping i ↔ j in the second sum and using Qij = Qji, the two combine to give660 ∑
i

∑
j ̸=i

σiQij

√
∆√

E[Qi]
. Hence, in expectation,661

cSQ =
∑

i

√
σ2

i E[Qi]∆ ◀662

▶ Proposition 4.2 (Equal weights trading cost). The expected aggregate trading cost in an663

equal-weighted N + 1 currency constant-mean pool is664

cSYM =
√

2∆HE[Q]
N + 1665

Proof. With equal weights, we can drop the weights and recover a constant product invariant.666

For a trade of size ∆ in numeraire from currency i to j, this invariant function requires667 (
Ri + ∆

Si

)(
Rj − ∆

Seff

)
= RiRj ,668

669

⇐⇒ ∆
Seff = Rj − RiRj

Ri + ∆/Si
= Rj

(
∆/Si

Ri + ∆/Si

)
= Rj∆

SiRi + ∆ ⇐⇒ Seff = SiRi + ∆
Rj

670

The spot price of currency i in terms of currency j implied by the pool is SAMM
ij = Rj/Ri.671

At fundamental prices, SAMM
ij = Si/Sj implies SiRi = SjRj for all pairs, so each currency672

contributes equal value to the pool: V = (N + 1)SiRi for all i.673

Hence, Seff = SiRi

Rj
+ ∆

Rj
= Sj + ∆(N+1)Sj

V . The price impact Π(∆) = (N+1)∆
V follows674

from Equation (1) using S = Sj .675

The pool value V (T ) is also governed by the invariant:
∏

i Ri(0) =
∏

i Ri(T ), implying676

∏
i

V (0)
Si(0)(N + 1) =

∏
i

V (T )
Si(T )(N + 1) ⇐⇒ V (T )

V (0) =
∏

i

(
Si(T )
Si(0)

)1/(N+1)
=
∏

i

x
1/(N+1)
i .677

Meanwhile, the counterfactual hold value is678

Vhold(T ) =
∑

i

xiSi(0)Ri(0) = V (0)
N + 1

∑
i

xi679

By Equation (2), the IPL is then680

IPL =
∏

i

x
1/(N+1)
i − 1

N + 1
∑

i

xi681

For xi = 1 + ϵi and ϵi ≈ 0, the second-order Taylor approximation around ϵi = 0 is682

IPL ≈ − 1
2(N + 1)2

∑
i<j

(ϵi − ϵj)2, E[|IPL|] ≈ H

2(N + 1)2 , H =
∑
i<j

σ2
ij683

where the expectation is taken assuming ϵi has zero-mean. This results in the break-even684

pool value V = 2(N+1)2fE[Q]
H (from Equation (3)) and unit trading cost685

c(∆, f) = H∆
2(N + 1)fE[Q] + f686

Minimizing over f (the AM-GM inequality implies that A/f + Bf ≥ 2
√

AB for f > 0, and687

equality here holds when f =
√

A/B) yields688

f∗ =

√
H∆

2(N + 1)E[Q] , c∗ =

√
2H∆

(N + 1)E[Q]689
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Aggregating over the total expected trade volume E[Q] yields the expected aggregate cost690

cSYM =

√
2HE[Q]∆
(N + 1) ◀691

A.2 Proofs of costs in constant-mean AMMs692

▶ Lemma 5.1 (Price impact). In the general constant-mean AMM, the price impact of a693

trade of size ∆ in numeraire between currencies i and j is approximately694

Π(∆) ≈ wi + wj

wiwj
· ∆

2V
695

Proof. Consider a trade between currencies i and j of notional size ∆ in the numeraire696

(so the trader pays ∆/Si units of currency i). As only the reserves Ri and Rj change, the697

invariance function requires698 (
Ri + ∆

Si

)wi
(

Rj − ∆
Seff

)wj

= Rwi
i R

wj

j ,699

where ∆/Seff is the number of units of j received. Isolating the output quantity:700

∆
Seff = Rj

(
1 −

(
1 + ∆

SiRi

)−wi/wj
)

701

Assuming ∆ ≪ SiRi = wiV , a second-order Taylor expansion gives702 (
1 + ∆

SiRi

)−wi/wj

≈ 1 − wi

wj

∆
SiRi

(
1 − 1

2
∆

SiRi

wi + wj

wj

)
703

The spot price of currency i in terms of currency j is SAMM
ij = (Rj/wj)/(Ri/wi). At704

fundamental prices, SAMM
ij = Si/Sj implies SiRi/wi = SjRj/wj for all pairs, so each currency705

i accounts for wi of total pool value, i.e., wiV = SiRi. Then, using Rjwi/wj = (Si/Sj)Ri706

and SiRi = wiV :707

∆
Seff ≈ ∆

Sj

(
1 − ∆

2V

wi + wj

wiwj

)
708

Inverting and applying a first-order expansion (valid for ∆ ≪ 2wiwjV/(wi + wj)):709

Seff ≈ Sj

(
1 + wi + wj

wiwj

∆
2V

)
710

Substituting into (1) yields the result. ◀711

▶ Lemma 5.2 (Impermanent loss). For gross returns xi with xi ≈ 1 and E[xi] = 1, the712

expected impermanent loss of the general constant-mean pool satisfies713

E[|IPL|] ≈ Hw

2 , Hw =
∑
i<j

wiwjσ2
ij714

Proof. We first derive the exact expression for V (T ). As derived in the proof of Propo-715

sition 5.1, at fundamental prices, Ri(t) = wiV (t)/Si(t) for all i. Substituting into the716

constant-mean invariant:717 ∏
i

(
wiV (T )
Si(T )

)wi

=
∏

i

(
wiV (0)
Si(0)

)wi

718
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Since
∑

i wi = 1, the V terms factor out as V (T )
∑

i
wi = V (T ) and V (0)

∑
i

wi = V (0),719

giving720

V (T ) = V (0)
∏

i

(
Si(T )
Si(0)

)wi

= V (0)
∏

i

xwi
i721

The counterfactual hold value is722

Vhold(T ) =
∑

i

Si(T )Ri(0) =
∑

i

Si(T ) · wiV (0)
Si(0) = V (0)

∑
i

wixi723

Substituting into (2) gives the exact expression IPL =
∏

i xwi
i −

∑
i wixi.724

For xi = 1 + ϵi and ϵi ≈ 0, the second-order Taylor expansion around ϵi = 0 is725

IPL ≈

1 +
∑

i

wiϵi + 1
2

(∑
i

wiϵi

)2

−
∑

i

wiϵ
2
i

−

(
1 +

∑
i

wiϵi

)
726

= −1
2

∑
i

wiϵ
2
i −

(∑
i

wiϵi

)2
727

Expanding (
∑

i wiϵi)2 =
∑

i w2
i ϵ2

i + 2
∑

i<j wiwjϵiϵj , grouping the sums of ϵ2
i , and using728

1 − wi =
∑

j ̸=i wj to write
∑

i wi(1 − wi)ϵ2
i =

∑
i<j wiwj(ϵ2

i + ϵ2
j ), we get729

IPL ≈ −1
2
∑
i<j

wiwj(ϵ2
i + ϵ2

j − 2ϵiϵj) = −1
2
∑
i<j

wiwj(ϵi − ϵj)2
730

The expectation under zero-mean returns is E[|IPL|] ≈ Hw/2 where Hw =
∑

i<j wiwjσ2
ij . ◀731

▶ Proposition 5.3 (Equilibrium trading cost). Under the break-even condition (3) and Lem-732

mas 5.1–5.2, the aggregate equilibrium trading cost is minimized at733

f∗ =
√

∆Hw

4(E[Q])2

∑
i

E[Qi]
wi

, c∗ =
√

∆Hw

∑
i

E[Qi]
wi

(4)734

Proof. By Lemma 5.2, E[|IPL|] ≈ Hw/2. The break-even condition (3) therefore gives735

equilibrium pool depth736

V = 2fE[Q]
Hw

.737

By Lemma 5.1, the unit trading cost for a pair (i, j) trade of size ∆ is738

cij(∆, f) = wi + wj

wiwj

∆
2V

+ f = wi + wj

wiwj

Hw∆
4fE[Q] + f.739

Aggregating over all pairs, weighted by their respective volumes Qij :740

c(∆, f) = Hw∆
4fE[Q]

∑
i<j

Qij
wi + wj

wiwj
+ fQ.741

We simplify
∑

i<j Qij(wi + wj)/(wiwj) =
∑

i<j Qij/wj +
∑

i<j Qij/wi. Swapping i ↔ j742

in the second sum and using Qij = Qji, both sums combine to give
∑

i Qi/wi, where743

Qi =
∑

j ̸=i Qij is the total volume involving currency i. Hence744

c(∆, f) = Hw∆
4fE[Q]

∑
i

Qi

wi
+ fQ. (5)745



R. K. X. Li, A. Park, A. Veneris, and S. F. Singh 23:21

In expectation, minimizing over f (the AM-GM inequality implies that A/f + Bf ≥ 2
√

AB746

for f > 0, and equality here holds when f =
√

A/B) yields747

f∗ =
√

Hw∆
4(E[Q])2

∑
i

E[Qi]
wi

, c∗ =
√

∆Hw

∑
i

E[Qi]
wi

◀748

A.3 Proofs of parametrized optimums.749

▶ Proposition 6.1 (Optimal weight and cost for vehicle and 2 symmetric currencies). Under750

the symmetric (v, s) parametrization for 3 currencies, if s2 < 2(1 + 2v)/(1 + v), the expected751

aggregate trading cost of Equation (4) has unique interior minimizer at w∗
1 = w∗

2 = 1−w∗
0

2 and752

w∗
0 = s√

(1 + 2v)(4 − s2)
, c∗ =

√
qσ2∆

√
s2v + 2 + s

√
(4 − s2)(1 + 2v)753

If s2 ≥ 2(1 + 2v)/(1 + v), no interior minimizer exists; the infimum over w1, w2 > 0 is754

obtained as w0 → 1.755

Proof. With w1 = w2 = (1 − w0)/2:756

Hw = w1w2σ2
12 + w0w1σ2

01 + w0w2σ2
02 = 1

4 (1 − w0)2s2σ2 + (1 − w0)w0σ2.757

The volume-weighted sum is
∑

i E[Qi]/wi = 4q(1 + v)/(1 − w0) + 2q/w0. After substituting758

into Equation (4) and simplifying, the expected aggregate cost c(w0; s, v) satisfies759

c(w0; s, v)2

2qσ2∆ =
(

s2v

2 + 1
)

+ P (w0; s, v),760

where761

P (w0; s, v) = w0

(
1 − s2

4

)
(1 + 2v) + s2

4w0
.762

Here, c is monotonically increasing in P , so we solve the equivalent problem of minimizing P .763

Since d2P/dw2
0 = s2/(2w3

0) > 0 for all w0 > 0, P is strictly convex in w0 for that region. We764

have the form A/w0 + Bw0, which has minimum 2
√

AB attained at w0 =
√

A/B, yielding765

w∗
0 = s√

(1 + 2v)(4 − s2)
, P (w∗

0 ; s, v) = s

2
√

(4 − s2)(1 + 2v),766

When s2 < 2(1 + 2v)/(1 + v), w∗
0 < 1 is a valid interior solution with767

c∗ =
√

qσ2∆
√

s2v + 2 + s
√

(4 − s2)(1 + 2v).768

For s ∈ [0, 2] and v > 0, these quantities are well-defined.769

When s2 ≥ 2(1 + 2v)/(1 + v), the unconstrained minimizer is w∗
0 ≥ 1, and the convexity770

of P (w0) implies that the constrained infimum is attained as w0 → 1. ◀771

▶ Proposition 6.2 (Optimum for vehicle and N symmetric currencies). Under the symmetric772

(v, s) parametrization for N + 1 currencies, if s2 < 2(1 + Nv)/(1 + (N − 1)v), the expected773

aggregate trading cost from Equation (4) has unique interior minimizer at w∗
i = (1 − w∗

0)/N774

for all i > 0 and775

w∗
0 = s√

(1 + Nv)(2N − (N − 1)s2)
776

If s2 ≥ 2(1 + Nv)/(1 + (N − 1)v), no interior minimizer exists; the infimum over w1, w2 > 0777

is obtained as w0 → 1.778
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To prove the proposition, we first establish the following lemma on the admissible range of s.779

780

▶ Lemma A.1. Under the above parametrization, s ∈
[
0,
√

2N
N−1

]
.781

Proof. Let C be the N × N covariance matrix of the returns of the N symmetric currencies,782

which has σ2 on the diagonal and σ2 − s2σ2

2 elsewhere. The variance of any linear combination783

of the currencies must be non-negative, so R must be positive semi-definite (PSD). For784

simplicity, we will work with the correlation matrix R which satisfies σ2R = C and must785

also be PSD.786

We can write R = (1−ρ)I+ρuuT , where I is the N×N identity matrix and uT = (1, . . . , 1).787

Then, the eigenvectors and eigenvalues of R satisfy788

Rv = (1 − ρ)v + ρ⟨u, v⟩u = λv ⇐⇒ (λ + ρ − 1)v = ρ⟨u, v⟩u.789

which implies that, either both sides are 0, which corresponds to eigenvalue λ1 = 1 − ρ, or790

v = au for some a ∈ R\{0} and λ+ρ−1 = ρN , for which we have eigenvalue λ2 = ρ(N −1)+1.791

Thus R is positive semidefinite if and only if792

1 − ρ ≥ 0 and 1 + (N − 1)ρ ≥ 0 ⇐⇒ − 1
N − 1 ≤ 1 − s2

2 ≤ 1.793

Rearranging, we have s ≤
√

2N
N−1 . ◀794

Now, assuming s ∈ [0,
√

2N
N−1 ], we prove the proposition.795

Proof. Now, in the N symmetric currency AMM, we have wi = (1 − w0)/N , implying796

Hw =
∑
i>0

w0(1−w0)
N

σ2 +
∑

0<i<j

(1−w0)2

N2 s2σ2 = N
w0(1−w0)

N
σ2 +

(
N

2

)
(1−w0)2

N2 s2σ2.797

This simplifies to798

Hw = w0(1−w0)σ2 + N −1
2N

(1−w0)2s2σ2
799

The volume-weighted sum is800 ∑
i

E[Qi]
wi

= Nq

w0
+ N(q + vq(N −1))

(1−w0)/N
= Nq

(
(1−w0) + w0 · N(1 + v(N − 1))

w0(1−w0)

)
801

Substituting, the expected aggregate cost is802

c(∆, f) =
√

qσ2N∆

√(
w0 + N − 1

2N
(1 − w0)s2

)(
(1 − w0) + w0 · N(1 + v(N − 1))

w0

)
(6)803

and, in optimum, satisfies804

(c∗)2

qσ2N∆ = (1−w0) + w0N(1+v(N −1)) + N −1
2Nw0

(1−w0)2s2 + N −1
2 (1−w0)s2(1+v(N −1))805

= 1 + s2

2N
(N − 1)(N(1 + v(N − 1)) − 2) + P (w0; s, v)806

where807

P (w0; s, v) = w0(N − 1)(1 + Nv) 1
2N

(2N − (N − 1)s2) + (N − 1)s2

2Nw0
808
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Again, c is strictly monotonically increasing in P , we minimize P instead. Since d2P/dw2
0 =809

(N − 1)s2/w3
0 > 0 for all w0 > 0, P is strictly convex in w0 for that region. Once again, we810

have the form A/w0 + Bw0, which attains its minimum, 2
√

AB at w0 =
√

A/B, yielding811

w∗
0 = s√

(1 + Nv)(2N − (N − 1)s2)
, P (w∗

0 ; s, v) = s(N − 1)
N

√
(1 + Nv)(2N − (N − 1)s2),812

When s2 < 2(1 + 2v)/(1 + v), w∗
0 < 1 is a valid interior solution with813

c∗ =
√

qσ2∆
√

N + s2

2 (N −1)(N(1+v(N −1))−2) +s(N −1)
√

(1+Nv)(2N −(N −1)s2) (7)814

These quantities are well-defined for v > 0 and the range of s derived in Lemma A.1.815

When s2 ≥ 2(1 + Nv)/(1 + (N − 1)v), the unconstrained minimizer is w∗
0 ≥ 1, and the816

convexity of P (w0) implies that the constrained infimum is attained as w0 → 1. ◀817

A.4 Proof of tractable weight optimization818

▶ Proposition 7.1 (Approximate optimal weights). When Hi > 0 for all i and E[Qi] > 0 for819

some i, the minimizer of F̃(w) =
∑

i
E[Qi]
wiHi

subject to
∑

i wi = 1, wi > 0 ∀i, is820

w∗
i = 1

D

√
E[Qi]

Hi
, ∀ i = 0, . . . , N, where D =

∑
j

√
E[Qj ]/Hj ,821

Proof. We minimize F̃(w) =
∑

i
E[Qi]
wiHi

subject to
∑

i wi = 1, wi > 0, where Hi =
∑

j ̸=i σ2
ij ,822

via the Lagrangian823

L(w, λ) =
∑

i

E[Qi]
wiHi

+ λ

(∑
i

wi − 1
)

.824

The first-order conditions ∇wL(w, λ) = 0 gives E[Qi]
w2

i
Hi

= λ, so wi =
√

E[Qi]
λHi

for all i. Imposing825 ∑
i wi = 1 through the condition ∇λL(w, λ) = 0:826

1√
λ

∑
j

√
E[Qj ]/Hj = 1 =⇒

√
λ =

∑
j

√
E[Qj ]/Hj ≡ D, =⇒ w∗

i = D−1
√

E[Qi]/Hi827

The hessian ∇2
wwL(w, λ) has ∂2L

∂w2
i

= 2E[Qi]
w3

i
Hi

on the diagonal and ∂2L
∂wi∂wj

= 0 elsewhere, so the828

second-order sufficient condition, vT ∇2
wwL(w, λ)v > 0 for all v ̸= 0, becomes829

∑
i

v2
i

∂2L
∂w2

i

=
∑

i

v2
i

2E[Qi]
w3

i Hi
> 0,830

which holds when all wi > 0, so this a global minimum for wi > 0. ◀831

B–D Full Version Material832

Appendices B, C, and D are omitted here due to space limitations. They can be found in833

their respective Appendix sections in the full version of this paper [33].834
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